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Abstract. We study the analytic torsion of the cone over an orientable odd dimensional compact 
connected Riemannian manifold W. We prove that the logarithm of the analytic torsion of the 
cone decomposes as the sum of the logarithm of the root of the analytic torsion of the boundary 
of the cone, plus a topological term, plus a further term that is a rational linear combination of 
local Riemannian invariants of the boundary. We also prove that this last term coincides with 
the anomaly boundary term appearing in the Cheeger Miiller theorem [7] 1261 for a manifold with 
boundary, according to Briining and Ma \3\. We also prove Poincare duality for the analytic 
torsion of a cone. 
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1. Introduction and statement of the results 

Analytic torsion was originally introduced by Ray and Singer in [25] , as an analytic counter 
part of the Reidemeister torsion of Reidemeister, Franz and de Rham [3T] [13] [T2]. Since then, 
analytic torsion became an important invariant of Riemannian manifolds, and has been intensively 
studied, several generalizations have been introduced and significative results obtained. Concerning 
the original invariant, the first important result was achieved by W. Miiller [26] and J. Cheeger 
[7] who proved that for a compact connected Riemannian manifold without boundary, the analytic 
torsion and the Reidemeister torsion coincide, result conjectured by Ray and Singer in [29], because 
of the several similar properties shared by the two torsions. This result is nowadays known as the 
celebrated Cheeger-Miiller theorem. The next natural question along this line of investigation was 
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to answer the same problem for manifolds with boundary. It was soon realized that the answer to 
such a question was an highly non trivial one, since the boundary introduces some wild terms. The 
first case to be analyzed was the case of a product metric near the boundary. W. Luck proved in [22] 
that in this case the boundary term is topological, and depends only upon the Euler characteristic 
of the boundary. The answer to the general case required 20 more years of work, and has eventually 
been given in a recent paper of Briining and Ma [3] . The new contribution of the boundary, beside 
the topological one given by Luck, is called anomaly boundary term and we denote it by AeM,abs- 
The term AeM.abs has a quite complicate expression, but only depends on some local quantities 
constructed from the metric tensor near the boundary (see Section l2~6"l for details). The next natural 
step is to study the analytic torsion for spaces with singularities. A first, natural type of space with 
singularity is the cone over a manifold, CW . Cones and spaces with conical singularities have 
been deeply investigated by J. Cheeger in a series of works [7] [9] [10] (see also [27]). Due to this 
investigation, all information on L 2 -forms, Hodge theory, and Laplace operator on forms on CW are 
available. Further information on the class of regular singular operators, that contains the Laplace 
operator on CW, are given in works of Briining and Seely (see in particular |6.). As a result it is 
not difficult to obtain a complete description of the eigenvalues of the Laplace operator on CW in 
terms of the eigenvalues of the Laplace operator on W. With all these tools available, namely on 
one side the formula for the boundary term, and on the other some representation of the eigenvalues 
of the Laplace operator on the cone, it is natural to tackle the problem of investigating the analytic 
torsion of CW. What one expects in this case in fact is some relation between the torsion of the 
cone and the torsion of the section. A possible extension of the Cheeger Miiller theorem could 
follow, or not. Indeed, it is general belief that in case of conical singularity such an extension would 
require intersection R torsion more than classical R torsion (see [H]). However, if the section is 
a rational homology manifold, then the two torsion coincide (see [7], end of Section 2), and the 
classical Cheeger Miiller theorem is expected to extend. 

If C(W) is the chain complex associated to some cell decomposition of W, then the algebraic 
mapping cone Cone(C(W)) gives the chain complex for a cell decomposition of CW. It is then 
easy to see that the R torsion of CW only depends on the choice of a base for the zero dimensional 
homology. Even if Poincare duality does not hold, it does hold between top and bottom dimension, 
and therefore we can use the method of Ray and Singer in order to fix the base for the zero homology 
using the Riemannian structure and harmonic forms (see [29] Section 3, see also [E]). The result 
for the R torsion is 

t(CW) = \/Vol(CW). 

On the other side, one wants the analytic torsion. The analytic tools necessary to deal with the 
zeta functions appearing in the definition of the analytic torsion, constructed with the eigenvalues 
of the Laplace operator on CW, are available by works of M. Spreafico [36] [37] [39]. In these works, 
the zeta function associated to a general class of double sequences is investigated. In particular, a 
decomposition result is presented and formulas for the zeta invariants of a decomposable sequence 
are given. This technique applies to the case of the zeta function on CW , and permits to obtain 
some results on the analytic torsion that we will describe here below. Before, we note that this 
approach has been also followed in [19] , [40] and [18] . The main results of these papers are that in 
the case of W an odd low dimensional sphere, then the classical Cheeger Miiller theorem with the 
anomalous boundary term of Briining and Ma holds for CW, while if W is an even dimensional 
sphere, it does not hold. Explicit formulas for W the sphere of dimensions one, two and three 
are also given, and in [18] it is conjectured that the Cheeger Miiller theorem with the anomalous 
boundary term of Briining and Ma holds for W any odd dimensional sphere. This is proved to 
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be true in Theorem 11.21 below. In Theorem 11.31 the same result is proved for the cone over a 
generic orientable compact connected Reimannian manifold of odd dimension. We split the proof 
of Theorem II. 31 in two parts. We first prove in Section [9] that the result is true if the dimension of 
the manifold is smaller than six. A basic ingredient in this proof are results of P. Gilkcy on local 
invariants of Riemannan manifolds [14]. Next, in Section ITOl we prove the general statement. The 
reason for giving a different explicit proof for the low dimensional cases is due to the fact that the 
proof of the general case is based on a result that has not been published yet, namely a formula 
for the anomaly boundary term of Briming and Ma with mixed boundary conditions. This result 
is contained in a preprint of the same authors [3], and we thanks the author for making available 
part of their work. 

We are now ready to state the main results of this paper, for we fix some notation. Let (W, g) be 
an orientable compact connected Riemannian manifold of finite dimension m without boundary and 
with Riemannian structure g. We denote by C{W the cone over W with the Riemannian structure 

dx ® dx + x g, 

on CW — {pt}, where pt denotes the tip of the cone and < x < I (see Section |4~T1 for details). The 
formal Laplace operator on forms on Cyy — {pt} has a suitable L 2 -self adjoint extension A abs / ro i 
on Ci W with absolute or relative boundary conditions on the boundary dCi W (see Section 14.31 for 
details), with pure discrete spectrum SpA abs / rol . This permit to define the associated zeta function 

AeSp + A abs/rol 

for Re(s) > m j^- This zeta function has a meromorphic analytic continuation to the whole complex 
s-plane with at most isolated poles (see Section[S]for details) . It is then possible to define the analytic 
torsion of the cone 

, m+1 

logT abs/rel (CW) = -^(-1)^(0^^,). 

9=0 

In this setting, we have the following results (analogous results with relative boundary conditions 
also follow by Poincare duality on the cone, proved in Theorem 15.11 below) . 

Theorem 1.1. The analytic torsion on the cone CiW on an orientable compact connected Rie- 
mannian manifold (W, g) of odd dimension 2p — 1 is 

p—i 

logT abs (CW) =\ Y,(-l) q+1 *H q (W; Q) log 2{p ~ g) + \ iogT{W, l 2 g) + S(dGW), 

9=0 

where the singular term S(dC{W) only depends on the boundary of the cone: 
S(dQW) = ^EEERes $ 2fc+1 , g ( S )f^" fc ) E(- 1 ) h Res i C(s,A (,l) ) (<Z - P + lf U ~ k \ 

where the functions <&2k+i,q(s) o,re some universal functions, explicitly known by some recursive 
relations, and A is the Laplace operator on forms on the section of the cone. 

It is important to observe that the singular term S(dCiW) is a universal linear combination of 
local Riemannian invariants of the boundary, for the residues of the zeta function of the section are 
such linear combination (see Section 1^731 for details). 
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Theorem 1.2. When W is the odd dimensional sphere (of radius a), with the standard induced 
Euclidean metric, then the singular term of the analytic torsion of the cone C{W appearing in 
Theorem \l.l\ coincides with the anomaly boundary term of Briining and Ma, namely S(dCiS 2p ^ 1 ) = 
ABM,ahs(dCiSa P ~ 1 ). In this case, the formula for the analytic torsion reads 

XogT^ClS 2 /- 1 ) = il0gV0l(QS^- 1 ) + ABM.abs^C^- 1 ), 



where 



4 P(p - l)! (p _ i _ fc)!( 2 fc + 1) ^ (fc - j)\{2j + 1)!! 



a 2fe+1 . 



Corollary 1.1. The natural extension of Cheeger Muller theorem for manifold with boundary is 
valid for the cone over an odd dimensional sphere, namely 

logTab^CiS*- 1 ) = logr(C / 5 2p - 1 ) + ABM.abs^C,^- 1 ). 

The result in the corollary should be understood as a particular case of the still unproved general 
result that the analytic torsion and the intersection R-torsion of a cone coincides up to the boundary 
term, for the intersection R-torsion is the classical R-torsion for the cone over a sphere. 

Theorem 1.3. When (W, g) is an orientable compact connected Riemannian manifold of odd di- 
mension, then the singular term of the analytic torsion of the cone C{W appearing in Theorem \l.l\ 
coincides with the anomaly boundary term of Briining and Ma, namely S(dCiW) = ABM,abs(dCiW) . 

We conclude with a remark on the even dimensional case, namely when the dimension of the 
section W is even. It is quit clear that all the arguments used in the odd dimensional case go 
through also in the even dimensional case. So we obtain formulas for the analytic torsion as in 
the theorems above. However, in the even dimensional case some further term appears: this was 
described in some details for W = S 2 in [19]. Since we do not have a clear understanding of this 
new term yet, we prefer to omit the non particularly illuminating formulas for the even dimensional 
case here. 



2. Preliminaries and notation 

In this section we will recall some basic results in Riemannian geometry, Hodge de Rham theory 
and global analysis, and the definitions of the main objects we will deal with in this work. All 
the results are contained either in classical literature or in [29], [26], [9], [3], [14] pQ. This section 
can be skipped at first reading, and it is added exclusively for the reader's benefit. From one 
side, it permits to the interested reader to find out all the necessary tools to verify the arguments 
developed in the following sections, with precise reference to definitions and formulas, avoiding the 
fuss of searching in several different papers and books, from the other, it provides a unified notation, 
whereas notations of different authors are too often quite different in the available literature. 

2.1. Z/2-graded algebras and Berezin integrals. Let V, W be finite dimensional vector spaces 
over a field F of characteristic zero, with Euclidean inner products (-,_). Let V* = Hom(V, F) 
denotes the dual of V, and fix an isomorphism of V onto V* by v*(u) — (v, u). Then, we identify F- 
homomorphisms with tensor product of tensors by Hom(V, W) = V* <E) W. If V, W have dimensions 
m,n respectively, and {ek}™=i, are orthonormal bases of V and W respectively, then we 
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identify t £ Hom(V, W) with the tensor T £ V* <g> W with components T kl = {b u t{e k )) = b*(t(e k )), 
namely 

m n 

*;=i i=i 

where we denote by {e£} the dual base. We use the Euclidean norm of a linear homomorphism 
\t\ = y/tr(t*t). In the orthonormal base, this gives for the associated tensor 

m n 

m 2 = EE^- 

k=i 1=1 

We denotes by AV the exterior algebra of V (the universal algebra with unit generated by V 
with the relation v 2 = 0). A X/2-graded algebra A is a vector space with an involutions such 
that A = A + ® A_, and a product • that preserves the involution, i.e. such that AjA k C Aj k . 
The exterior algebra is a first example. Let A and B be two Z/2-gradcd algebras. The vector 
spaces tensor product A <g) B has a natural Z/2-grading, A <E) B = (A ® £>) + ® (A (g) -B)_, where 
(A(g>B) + = A + ®B + ®A-®B-, and (A®B)_ = A + ®B^®A^®B + . This becomes a Z/2-graded 
algebra, that we denote by A(&B, with the product defined by (we will omit the dot in the following) 

(a®6) • (a'®b') = |Q,| a • a'®b ■ b' . 

There are two natural immersions of A in A® A as an algebra: we identify A with A®1 and we 
denote by A — I® A. Since A®l®l®B = A®B, we have that A®B = A®B. Let A = B = Ay, 
for some vector space V, where we denote the product by A, as usual. Then, V®V € AV<§)AV. 
If v e V, then v = vigil £ V = V®1, v = l®v £ V = 1®V , and v A v £ V A V. Note that, 
v A v — (w®l) A (l®w), while (l®t)) A (wgd) = — u A v, and 

u Av — (l(giu) A (l®w) = l(g)(u Ad) = uJ\v £V AV. 
This permits to identify an antisymmetric endomorphism <fr of V with the element 

^=2 E (<t>(vj),Vk)vjAv k , 
j,k=i 

of A 2 y. For the elements (<j)(vj),v k ) are the entries of the tensor representing <ft in the base {v k }, 
and this is an antisymmetric matrix. Now assume that r is an antisymmetric endomorphism of 
A 2 V. Then, (Rj k = (r(vj),v k )) is a tensor of two forms in A 2 V. We extend the above construction 
identifying R with the element 

(2.1) i? = - ( r ( w j)' A "j A 

J',fe=l 

of A 2 y A A 2 V. This can be generalized to higher dimensions. In particular, all the construction can 
be done taking the dual V* instead of V. We conclude with the definition of the Berezin integral. 
Assume V to be oriented. We define the Berezin integral be 




: AW&AV — > AW, 

:a®P^ c B f3(ei, e m )a, 
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where eg = - — '— m . In particular, note that 

r 

and this vanishes if dimE = m is odd. 

2.2. Some Riemannian geometry. Let (W, g) be an orientable connected Riemannian manifold 
of dimension m without boundary, where g denotes the Riemannian structure. We denote by TW 
the (total space) of the tangent bundle over W, and by T*W the dual bundle. We denote by AT*W 
the exterior algebra of T*W. We denote by T(W, TW) and T(W, T* W) the corresponding spaces of 
smooth sections, and by Tq{W,TW) and To(W,T*W) the spaces of smooth sections with compact 
support. Let x — (xi, . . . , x m ) be a local coordinate system on W. We denote by {dj}JL 1 the local 
coordinate base on TW, and by {dxj}JL 1 the dual base of one forms on T*W: dxj(dk) = Sjk- We 
denote by {ej}f =1 and {e*}™ =1 local orthonormal bases of TW and T*W, e*(ek) = Sjk- Then, 

m m 

9= 9]kdx 3 ®dx k = Y S jk e j ® e%, 

j.k—1 j.k—1 

and the volume element on W is dvol g — e\ A • • • A e* m = y/\detg\dxi A • • • A dx m . 

Let V : r(W, TW) -» T(W, End(TW)) denotes the covariant derivative associated to the Levi 
Civita connection of the metric g. This is completely determined by the tensor L = X^™/3 7 =i raffia® 

<g> e 7 , € r(W, T* <g> T* ® TW), with components the Christoffel symbols: 

r Q/ g 7 = r(e Q , ep,e*) = e* (L(e Q , e^, _)) = e*(V ea e / g) = #(e 7 , V ea e /3 ) = -r a7j8 , 
that can be computed using the formula: 

(2-2) r Q( g 7 = - (c a/ 3 7 + C 7Q/ g + C 7( 3 Q ) , 

where the Cartan structure constants c a p 7 = —cp ai are defined by 

m 

[e a , Bp] ^ ^ c a /3 7 e 7 . 

7=1 

The connection one form associated to V is the matrix valued one form w G so(m, r(W, AT*VF)), 
with components 

m 

W /37 = X! r ( e "> e 7> e /?) e a- 
a=l 

The curvature associated to the Riemannian connection V (of the metric g) is the linear map 
r : r(W, TW ® TW) -> r(W, End(TW)), defined by: 

r(x, y, z) = V^V^z - V y V x z - V[ x , y ]Z, 

where x, y, z, r(x, y, z) e r(W, TW), and corresponds to the tensor R = p 7 5=1 Rap-yS&a <8> (g) 
e;®ej,£ r(W,T*W® T*W® T*W® TW), with components 

-Ra/3 7 5 = —Rpa-yS = R(e a , ep, e 7 , e* 5 ) = e* 5 {r{e a , ep, e 7 )) 

= e K v ecv V ej3 e 7 - V e/3 V ea e 7 - V [eo , e/3 ]e 7 ). 
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The curvature two form associated to R is the matrix valued two form fi £ so(m, T(W, A 2 T*W)), 
with components 

m 

^7<5 = J! ^( e <*> e <5' e 7 ) e a A e /3' 

and can be computed by the following formula: 

m 

(2.3) Hqf) = dUg/3 + Ulgy A CJ-yft. 

7=1 

We introduce two more tensor fields. The Ricci tensor Ric — p=i -R* c c^e* <g>e^ € F(W, T*W® 
T*W), defined by 

m 

Ric(x,y) =X] e fc( v e fc V K y- VxV efc y- V[ efc)X ]y), 
fc=i 

and the scalar curvature tensor, defined by 

m 

t = y^_Rzc(e fc ,e fc ). 
The components of these tensors in terms of the curvature tensor are: 

m 

Rica/3 = ^ R(ek,e a , ep, e* k ), 

k=l 
m 

t = ^2 R { e k,e hl e hl e* k ). 

k,h=l 

2.3. Hodge theory and de Rham complex. We recall some results on the de Rham complex 
(see for example [25]) and some results from [29j and |26j . From now one we will assume that W 
is compact. In this section we also assume that W has no boundary. 

Let denote by Q q the space of sections T(W, A^T*W). The exterior differential d defines the de 
Rham complex 

c DR -.... — n("\w) rt q+1 \w) — > 

whose homology coincides with the rational homology of W. The Hodge star * : hS q 'T*W — > 
A( m -^T*W, defines an isometry ★ : VL q {W) n m - q (W), and an inner product on Cl q (W) 

(a,j3)= aA*/3= (a,0)dvol g . 
Jw Jw 

The closure of il q with respect to this inner product is the Hilbert space the L 2 g-forms on 
W. The de Rham complex with this product is an elliptic complex. The dual of the exterior 
derivative eft, defined by (a,d/3) = (eft a, j3), satisfies d) = (— i) m 9+«»+i *<j*. The Laplace operator 
is A = (d + d)) 2 . It satisfies: 1) *A = A*, 2) A is self adjoint, and 3) Aoj = if and only if 
doj = d^u = 0. Let H q (W) = {oj G n^(W) | Aw = 0}, be the space of the q- harmonic forms. 
Then, we have the Hodge decomposition 

n q (w) = n q (w) © dw-^w) © cftsi q+1 (w). 

All this generalizes considering a bundle over W. In particular, we are interested in the following 
situation. Let p : tt\{W) — > 0(k,F) be a representation of the fundamental group of W, and let 
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E p be the associated vector bundle over W with fibre F fe and group 0(k,¥), E p = W x p F fe . 
Then, we denote by Q(W, E p ) be the graded linear space of smooth forms on W with values in E p , 
namely Q(W, E p ) = il(W) ® E p . The exterior differential on W defines the exterior differential 
on ni(W,E p ), d : Q, q (W,E p ) Q« +1 (W, E p ). The metric g defines an Hodge operator on W and 
hence on Qi(W,E p ), * : Sl*(W,E p ) -> Q m - q (W,E p ), and, using the inner product (_, .) in E p , an 
inner product on fl q (W, E p ) is defined by 

(2.4) (u,v)= I 

Jw 

It is clear that the adjoint S and the Laplacian A = (d + S) 2 are also defined on the spaces of 
sections with values in E p . Setting , H q (W 1 E p ) = {u e fl^ (W, E p ) \ Aw = 0}, be the space of the 
g-harmonic forms, we have the Hodge decomposition 

(2.5) W(W,E P ) = H g {W,E p )®dn g - 1 (W,E p ) © cftn q+1 (W,E p ). 

This induces a decomposition of the eigenspace of a given eigenvalue A ^ of A^ into the 
spaces of closed forms and coclosed forms: £^ = £^ cl © ^cci' wnere 

£ xl\ = e n q (W,E p ) | Aw = Aw, duj = 0}, 
4 9 cd = e SF(W,E P ) | Aw = Aw, d)u = 0}. 
Defining exact forms and coexact forms by 



E \L = e Q q (W,E p ) I Aw = Aw, w = da}, 
£ i%* = e ^«(V^, Bp) I Aw = Aw, w = rft a }. 
7(9) _ 



Note that, if A 7^ 0, then £ yg ' cl = £^J, X , and £j^ c i — £\ ,cex> an< ^ we nave an isometry 

(2 - 6) ^ 1 At 

(b '.to 1 V —=a' w, 
\/A 

whose inverse is ^rf- Also, the restriction of the Hodge star defines an isometry 

★ : rftfi<« +1 )(w) -> dn( m -«- 1 >(w), 

and that composed with the previous one gives the isometries: 

1 j. . £•(«) v £• (m-g+1) 

(2.7) ; A 

2.4. Manifolds with boundary. Next consider a manifold with boundary. If W has a boundary 
cW, then there is a natural splitting near the boundary, of AW as direct sum of vector bundles 
AT*dW © N*W, where N*W is the dual to the normal bundle to the boundary. Locally, this 
reads as follows. Let d x denotes the outward pointing unit normal vector to the boundary, and 
dx the corresponding one form. Near the boundary we have the collar decomposition C'oll(dW) = 
(— e, 0] x dW, and if y is a system of local coordinates on the boundary, then (x, y) is a local system 
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of coordinates in Coll(dW). The metric tensor decomposes near the boundary in this local system 
as 

g = dx ® dx + gg (x), 

where go{x) is a family of metric structure on dW such that <?a(0) = i*g, where i : dW — > W denotes 
the inclusion. The smooth forms on W near the boundary decompose as lo = wtan + w nor m, where 
Wnorm is the orthogonal projection on the subspace generated by dx, and u; tan i s m C°°(W)®h.{dW). 
We write cu = cui + dx A w 2 , where loj € C°°(T^) ® A(<9Ly), and 

(2.8) *W2 = — dx A *w. 

Define absolute boundary conditions by 

-B a bs(w) = U norm _\dw — U)2\dW — 0, 

and relative boundary conditions by 

-Brel(w) = LO tan \dW — ^l\dW = 0. 

Note that, if uj e £l q (W), then _B abs (cj) = if and only if .B re i(*w) = 0, B rc \(uj) — implies 
B rc i{duj) = 0, and B ahs (u) = implies S abs (dt w ) = o. Let = © B((d + d^){uj)). Then 

the operator A = (d + d)) 2 with boundary conditions B(oj) — is self adjoint, and if B(oj) = 0, 
then Aw = if and only if (d + d^oj = 0. Note that B correspond to 



(2.9) # abs M = if and only if 



WnormlaiV — 0, 
(du)) nornl \dw — 0, 



Utan\dW — 0, 
(d t w) tan |9W = 0, 



(2.10) S re i(w) = if and only if 

Let 

H q (W, E p ) = {uj e Q q (W, E p ) | A^cj = 0}, 

Kh S ( W > E p) = e ^(W, E P) I A(?)w = 0. S absM = 0}, 
^elW #p) = € Q 9 (W, Ep) | A^CJ = 0, B rel (Lj) = 0}, 

be the spaces of harmonic forms with boundary conditions, then the Hodge decomposition reads 

n^W Ep) = ul hs (w, E p ) © do^ 1 (w, Ep) © rftog, 1 (W, s P ), 
nyw. ^p) = *W © ^'(w, b p ) © dtn^ 1 (w, E p ). 



2.5. The form valued zeta functions and the analytic torsion. By the results of the previous 
sections, the Laplace operator A^ q \ with boundary conditions i3 a b s /rci nas a pure point spectrum 
SpA^ s / rc i consisting of real non negative eigenvalues. The sequence Sp + A^ s / rcl is a totally regular 
sequence of spectral type accordingly to Section 13.11 and the forms valued zeta function is the 
associated zeta function, defined by 

C(*. ^ibs/rcl) = C(S, S P+ A% r J = Yl ^ 



10 



L. HARTMANN AND M. SPREAFICO 



when Re(s) > y (see Propositions 13.21 and 13. 3[) . The analytic torsion T ahs / rel ((W, g); p) of (W, g) 
with respect to the representation p : tvi(W) — > 0(k, R) is defined by 

-. m 

logT abs/rel ((W, <?);/>) = -^(-l)^C'(0,A^ s/rcl ). 

9=1 

We will omit the representation in the notation, whenever we mean the trivial representation. 

Theorem 2.1. Poincare duality for analytic torsion 22 j. Let (W,g) be an orientable compact 
connected Riemannian manifold of dimension m, with possible boundary. Then, for any represen- 
tation p, 

logT ahs ((W,g);p) = (-l) m+1 logT Iel ((W, g); p). 

We now use results of section [2~3"1 to define closed, coclosed, exact and coexact zeta functions. We 
again restrict ourselves to the case of a manifold without boundary (see [29] for the case of manifold 
with boundary). By the very definition, we have 

C(s,AW)= Y, dim4 9) A- s = Cci(s,AW) + Ccci(s,AW), 

AGSp + A<9) 

where 

Cci( S ,aW)= y dim 4S A ~ s > 

AeSp + A<9) 
AGSp + A<9> 



Since, by (|2.6j) . Cci( s , A^) = Ccci(s, A^ 9 we obtain from the above relations the following 
formulas for the torsion of a closed m dimensional manifold W: 



\o g T{{W,g); P ) = \ £(-1)^(0, A<*>) = ±£(-1)^(0, A<*>) 

g=l 
m— 1 

-^(-l)"Ccci(0,AW). 



2 ^ v ' " v ' 7 2 

9 =1 9 =1 



9 =0 

In particular, using again duality, for an odd dimensional manifold W of dimension m = 2p — 1, 

p-i 

logT((W, 5 );p) = £(-1)^(0, A«) + i^--^(0, AW) 



(2.1T 



(-l) p „ 

P-2 



= - E(- 1 ) 9 Ccc(0, AW) + ^C cl (0, A^- 1 )). 

9=0 

2.6. The Cheeger Miiller theorem for manifolds with boundary, and the anomaly 
boundary term of Briining and Ma. In case of a smooth orientable compact connect Rie- 
mannian manifold (W, g) with boundary dW , for any representation p of the fundamental group 
(for simplicity assume rk(p) = 1), the analytic torsion is given by the Reidemeister torsion plus 
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some further contributions. It was shown by J. Cheeger in [TJ, that this further contribution only 
depends on the boundary, namely that 

logT abs ((IV, g); p) = \0gT{W- p) + c(dW). 

In the case of a product metric near the boundary, the following formula for this boundary 
contribution was given by W. Luck [22], where x(X) denotes the Euler characteristic of X, 

logT ahs ((W,g);p) = logT(W;p) + i X (0W)log2. 

In the general case a further contribution appears, that measures how the metric is far from a 
product metric. A formula for this new anomaly boundary contribution is contained in some recent 
result of Briming and Ma [3]. More precisely, in [3] (equation (0.6)) is given a formula for the ratio 
of the analytic torsion of two metrics, go and g±, 

(2-12) h 4 ah imli P l =U (*(Vx) -*(*>)), 

Jabs ((iv, go); p) 2 j aw 

where Vj is the covariant derivative of the metric gj, the forms B(V ' j) are defined as follows, 
according to Section 1.3 of [3] (observe, however, that we take the opposite sign with respect to the 
definition in [3], since we are considering left actions instead of right actions, and also that we use 
the formulas of (3j in the particular case of a flat trivial bundle F). Using the notation of Section 
12.11 (in particular see equation (|2.1jl ). we define the following forms 

^ m—l 
k=l 



^ m — l 

(2.13) f^j = 2 J2 ** fi i.w A ^ A % 

k.l=l 



m — l 



2 

k,l=l 



Here, Wj are the connection one forms, and Clj, j = 0,1, the curvature two forms associated to 
the metrics go and g\ , respectively, while O is the curvature two form of the boundary (with the 
metric induced by the inclusion), and {efc}^^, 1 is an orthonormal base of TW (with respect to the 
metric g). Then, set 



(2-14) B(Vj) = \f Q f e-i^ E -^—u^du. 



fe=i 



Taking gi = g, and go an opportune deformation of g, that is a product metric near the boundary, 
it is easy to see that (see equation (14.81) of Section [ 



log t Tew — = o / B Vl ■ 

Tab S ((lv,ffo);p) 2 j dw 

Note that the right end side of this equation is (as expected) a local quantity, and is well defined 
if there exists a regular collar neighborhood of the boundary. If this is the case, we define the 
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Briining and Ma anomaly boundary term by 

(2.15) A BM ,MdW) = lf fl(Vi), 

1 JdW 

and we have 

(2.16) \ogT ahs ((W,g);p)=logT(W;p) + ^x(dW)\og2 + A BM .^s(dW). 

3. Zeta determinants 

In this section we collect some results on the theory of the zeta function associated to a sequence 
of spectral type introduced in works of M. Spreafico [35] [35] [37J and [3JJ]. This will give the 
analytic tools necessary in order to evaluate the zeta determinants appearing in the calculation of 
the analytic torsion in the following sections. We give the basic definition in Section I3.1[ some 
results concerning simple sequences in Section [32] the main results for double sequences in Section 
13.31 and we specializes to the zeta functions associated to the Laplace operator on Riemannian 
manifolds in Section 13.41 We present here a simplified version of the theory, that is sufficient for 
our purpose here; we refer to the mentioned papers for further details (see in particular the general 
formulation in Theorem 3.9 of [39] or the Spectral Decomposition Lemma of |37j). 

3.1. Zeta functions for sequences of spectral type. Let S = {a n }^L 1 be a sequence of non 
vanishing complex numbers, ordered by increasing modules, with the unique point of accumulation 
at infinite. The positive real number (possibly infinite) 

logn 

,S = limSUp : r, 

n^co log I O n I 

is called the exponent of convergence of S, and denoted by e(S). We are only interested in sequences 
with e(S) = s < oo. If this is the case, then there exists a least integer p such that the series 
J^n=i a^ p_1 converges absolutely. We assume sq — 1 < p < sq, we call the integer p the genus of the 
sequence S, and we write p = g(S). We define the zeta function associated to S by the uniformly 
convergent series 



C(s,S) 



CSO 

£ 

n=l 



a, 



when Re(s) > e(S), and by analytic continuation otherwise. We call the open subset p(S) = C — S 
of the complex plane the resolvent set of S. For all A G p(S), we define the Gamma function 
associated to S by the canonical product 



1 00 / \\ v^g(S) (-1)3 (-A)3 

When necessary in order to define the meromorphic branch of an analytic function, the do- 
main for A will be the open subset C — [0,co) of the complex plane. We use the notation 
£e, c = {z e C | | arg(z - c)| < f }, with c > S > 0, < 9 < tt. We use D e , c = C - £ e , c , for the 
complementary (open) domain and Ag iC — <9£^ c = {z G C | | arg(z — c)| = |}, oriented counter 
clockwise, for the boundary. With this notation, we define now a particular subclass of sequences. 
Let S be as above, and assume that e(S) < oo, and that there exist c > and < 9 < tt, such that 
S is contained in the interior of the sector £g. c . Furthermore, assume that the logarithm of the 
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associated Gamma function has a uniform asymptotic expansion for large A € Dg jC (S) = C — £g jC 
of the following form 

oo g(5) 

logr(-A, S) ~ £ a « 3 ,o(-A)«' + ak,i(-^) k log(-A), 

j=0 k=0 

where {ay} is a decreasing sequence of real numbers. Then, we say that S is a totally regular 
sequence of spectral type with infinite order. We call the open set Dg^ c (S) the asymptotic domain 
ofS. 

3.2. The zeta determinant of some simple sequences. The results of this section are known 
to specialists, and can be found in different places. We will use the formulation of [34]. For positive 
real numbers I and q, define the non homogeneous quadratic Bessel zeta function by 



z(s,i/,q,l) = V 




for Re(s) > \. Then, z(s,v,q,l) extends analytically to a meromorphic function in the complex 

1—1—3 
2 > 2 ' 2 ' 



plane with simple poles at s = i , — i , — § , The point s = is a regular point and 



(3.2) 



1 / 1 

z{0,v,q,l) = + - 

z' (0, ^, = - log v 7 ^- 7 ^ 



3" 



In particular, taking the limit for q — > 0, 

z'(0,^,(M) = - log 



2 v ~2T{v+ 1) 

3.3. Zeta determinant for a class of double sequences. Let S — {^n,k}^k=i ^ e a double 
sequence of non vanishing complex numbers with unique accumulation point at the infinity, finite 
exponent s = e(S) and genus p = g(S). Assume if necessary that the elements of S are ordered 

as < |Ai,i| < | Ai t 2 j < |A2,i| < We use the notation S n (Sk) to denote the simple sequence 

with fixed n (k). We call the exponents of S n and Sk the relative exponents of S, and we use the 
notation (sq = e(S),si = e(Sk),S2 — e(S n )). We define relative genus accordingly. 

Definition 3.1. Let S — {A„.fc}^° fc=1 be a double sequence with finite exponents (so,Si,S2), genus 
(po,Pi,P2), and positive spectral sector T,g 0tCo . Let U — {u n }'^L 1 be a totally regular sequence of 
spectral type of infinite order with exponent r®, genus q, domain D^ d- We say that S is spectrally 
decomposable over U with power k, length £ and asymptotic domain Dg, c , with c — min(co, d, d), 
9 = max(#o, 0'), if there exist positive real numbers k, £ (integer), d , and 9' , with < 9' < tt, 
such that: 

(1) the sequence u~ K S n = < > has spectral sector Sg/ )C /, and is a totally regular sequence 

I « J k—l 

of spectral type of infinite order for each n; 

(2) the logarithmic T -function associated to S n /u^ has an asymptotic expansion for large n 
uniformly in A for A in Dg c , of the following form 

l L 

(3.3) log T(-A, u- K S n ) = ]T W u n° h + E P p< W< Pl l0 § u ™ + °« r °)' 

h=0 1=0 
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where and pi are real numbers with o~$ < ■■■ < o~£, po < ■■■ < ph, the P Pi (A) are 
polynomials in A satisfying the condition P Pl (0) = 0, I and L are the larger integers such 
that a i < ro and pl < ?*o • 

When a double sequence S is spectrally decomposable over a simple sequence U, Theorem 3.9 of 
[39j gives a formula for the derivative of the associated zeta function at zero. In order to understand 
such a formula, we need to introduce some other quantities. First, we define the functions 



1 



(3.4) / *T7 / -^-^Wdxdt. 

Jo 2m JA e , c - x 

Next, by Lemma 3.3 of |39j . for all n, we have the expansions: 

OO P2 

lo g r(-A, S n /u K n ) ~ «a 3 ,o,n(-A)^ + £ a M ,„(-A) fc log(-A), 

j=0 k=0 



(3.5) 



OO P2 

MA) ~ Yl b* h , aj ,o(-V aj + £ h ^,k,i{-X) k log(-A), 

j=0 k=0 



for large A in De jC . We set (see Lemma 3.5 of [39 ) 



Ao,o{s) = V I a ,o,n - E ^).:0,0«„ 



(3.6) 



h=0 



A iA s ) = E a JM." - E b °H,jA u n ah < KS i < 3 < Pa- 
n=l V h=0 / 

We can now state the formula for the derivative at zero of the double zeta function. We give 
here a modified version of Theorem 3.9 of [39], more suitable for our purpose here. This is based 
on the following fact. The key point in the proof of Theorem 3.9 of [35] is the decomposition given 
in Lemma 3.5 of that paper of the sum 



OO 

T(s, A, S, U) = Y K KS log r(-A, u- K S n ), 
n=l 



in two terms: the regular part V(s, A, S,U) and the remaining singular part. The regular part is 
obtained subtracting from T some terms constructed starting from the expansion of the logarithmic 
Gamma function given in equation (I3.3p . namely 

l L 

V(s, A, S, u) = T(s, A, S, U) - Y W u n' Th - E P P' ( A ) M » P! lo § w «- 

h=0 1=0 

Now, assume instead we subtract only the terms such that the zeta function £(s, U) has a pole 
at s = crh or at s — pi. Let V(s, A, S, U) be the resulting function. Then the same argument as the 
one used in Section 3 of |39j in order to prove Theorem 3.9 applies, and we obtain similar formulas 
for the values of the residue, and of the finite part of the zeta function £(s, S) and of its derivative 
at zero, with just two differences: first, in the all the sums, all the terms with index er^ such that 
s = &h is not a pole of £(s, U) must be omitted; and second, we must substitute the terms Ao^O) 
and A' 2(0), with the finite parts of the analytic continuation of Aq^^s), and A 1 (s). The first 
modification is an obvious consequence of the substitution of the function V by the function V . The 
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second modification, follows by the same reason noting that the function A ajj k(s) defined in Lemma 
3.5 of [39] are no longer regular at s = themselves. However, they both admits a meromorphic 
extension regular at s = 0, using the extension of the zeta function £(s, U), and the expansion of 
the coefficients a ajt k,n for large n. Thus we have the following result. 

Theorem 3.1. The formulas of Theorem 3.9 of |39| hold if all the quantities with index o~h such 
that the zeta function £(s, U) has not a pole at s — ah are omitted. In such a case, the result must 
be read by means of the analytic extension of the zeta function £(s, U). 

Next, assuming some simplified pole structure for the zeta function £(s, U), sufficient for the 
present analysis, we state the main result of this section. 

Theorem 3.2. Let S be spectrally decomposable over U as in Definition \3.1l Assume that the 
functions $ CTh (s) have at most simple poles for s = 0. Then, £(s, S) is regular at s — 0, and 

1 1 

C(0, S) = - 4,,i(0) + -V Re Sl (s) Re Sl C(s, U), 
K h=o 8=0 

i 

C'(0, S) = - A 0)0 (0) - A' 0<1 (0) + 1 V Re Sl $ CT „ (s) Re Sl C(s, U) 

+ - V Res * CTh (s) Resi C(s, ?7) + V Resi (s) Res C(s, ?7), 
K h=0 3=0 s=a * h=0 3=0 

where the notation J^' means that only the terms such that £(s, U) has a pole at s = appear in 
the sum. 

This result should be compared with the Spectral Decomposition Lemma of [37] and Proposition 
1 of [3S]. 

Remark 3.1. We call regular part of £(0,5*) the first term appearing in the formula given in the 
theorem, and regular part o/C'(0, S) the first two terms. The other terms gives what we call singular 
part. 

Corollary 3.1. Let Srfi — {\j),n,k}^k=l> 3 ~ 1, J, be a finite set of double sequences that 
satisfy all the requirements of Definition \3.1\ of spectral decompos ability over a common sequence 
U , with the same parameters k, £, etc., except that the polynomials Pq) jP (A) appearing in condition 
(2) do not vanish for A = 0. Assume that some linear combination X)j=i c jP{j)-p(^)> w ith complex 
coefficients, of such polynomials does satisfy this condition, namely that Y2j=i c jP(j),pW = 0- 
Then, the linear combination of the zeta function Ylj—i c jC( s i * s regular at s — and satisfies 
the linear combination of the formulas given in Theorem \3.2\ 

3.4. Zeta invariants of compact Riemannian manifolds. We recall in this section some known 
facts about zeta invariants of a compact manifold. We will rewrite such results in the terminology 
of zeta functions associated to sequences of spectral type just introduced. Our main reference are 
the works of P. Gilkey, in particular we refer to the book [14] . 

Let (W, g) be a compact connected Riemannian manifold of dimension m, with metric g. Let 
A( ? ) denote the metric Laplacian on forms on W, and SpA^ 9 ' = {A„}^L (Aq = 0) its spectrum. 
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Then, there exists a full asymptotic expansion for the trace of the heat kernel of A^) for small t, 

oo 

(3.7) Tr i2 e- tA<5> 

3=0 

where the coefficients depend only on local invariants constructed from the metric tensor, and are 
in principle calculable from it. 

Proposition 3.1. 




Proposition 3.2. The sequence Sp.A^ of the positive eigenvalues of the metric Laplacian on 
forms on a compact connected Riemannian manifold of dimension m, is a totally regular sequence 
of spectral type, with finite exponent e = t?, genus g— [e], spectral sector £e jC with some < c < Ai, 
e < 9 < asymptotic domain Dg^ c = C — Se,c, and infinite order. 

Proposition 3.3. The zeta function £(s, Sp.A^) has a meromorphic continuation to the whole 
complex plane up to simple poles at the values of s — , h = 0, 1, 2, ... , that are not negative 
integers nor zero, with residues 

Res ls= ^ CMp + AW) = j^j, 

the point s = —k = 0, — 1, —2, . . . are regular points and 

C(0, S P+ A^) = e 9im - dimkerA^, 
C(-fc,S P+ A^) = {-lfk\e q , m+ 2k. 

4. Geometric setting and Laplace operator 

4.1. The finite metric cone. Let (W, g) be an orientable compact connected Riemannian manifold 
of finite dimension m without boundary and with Riemannian structure g. We denote by CW the 
cone over W, namely the mapping cone of the constant map : W — > {p}. Then, CW is compact 
connected separable Hausdorff space, but in general is not a topological manifold. However, if we 
remove the tip of the cone p, then CW — {p} is an open differentiable manifold, with the obvious 
diffcrentiable structure. Embedding W in the opportune Euclidean space R h , and R fe in some 
hyperplane of R fc+/l , with opportune h, disconnected from the origin, a geometric realization of 
CW is the given by the set of the finite length I line segments joining the origin to the embedded 
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copy of W. Let x the euclidean geodesic distance from the origin, if we equip CW — {p} with the 
Riemannian structure 

(4.1) dx <E> dx + x 2 g, 

this coincides with the metric structure induced by the described embedding. We denote by CmnW 
the space (0,/] x W with the metric in equation (14. ip . We denote by CiW the compact space 
C(o,i]W — (7(0,1] WU {p}. We call the space CiW the (completed finite metric) cone over W. Wc 
call the subspace {1} x W of CiW, the boundary of the cone, and we denote it by dCiW . This is 
of course diffeomorphic to W, and isometric to (W,l 2 g). For the global coordinate x corresponds 
to the local coordinate x' = I — x, where x' is the geodesic distance from the boundary. Therefore, 
go(x') = (I — x) 2 g, and if i : W —> C^nW denotes the inclusion, i*{dx ® dx + x 2 g) = ga(0) = l 2 g. 
Following common notation, we will call (W, g) the section of the cone. Also following usual 
notation, a tilde will denotes operations on the section (of course g = g), and not on the boundary. 
All the results of Section l2~4l are valid. In particular, given a local coordinate system y on W, then 
(x, y) is a local coordinate system on the cone. 

We now give the explicit form of *, d' and A. See [S] [H] and [57] Section 5 for details. If 
u) € Q q (C m W), set 

w(x,y) = f 1 (x)uj 1 (y) + f 2 (x)dx Auj 2 (y), 
with smooth functions /i and and u)j € fl(W). Then a straightforward calculation gives 

(4.2) *u{x,y) = x m - 2 « +2 f 2 {x)iLo 2 (y) + (—l) g x m ~ 2q fi(x)dx A Zu)i(y), 

du)(x,y) = fi(x)dui(y) + d x fi(x)dx A ui(y) - f 2 (x)dx A duj^y), 

(4.3) d^(x 1 y)=x- 2 f 1 (x)d^uj 1 (y)- ((m-2q + 2)x- 1 f 2 (x) + d x f 2 (x))uj 2 (y) 

- x~ 2 f 2 (x)dx A $u 2 (y), 

Auj{x,y) = (-d 2 fi(x) - (m-2q)x~ 1 d x f 1 {x)) Wi(y) + x~ 2 f 1 (x)Auj 1 (y) - 2x _1 /2(a;)dw2(2;) 

(4.4) + dx A (x- 2 /2(x)Aw 2 (2;) + w 2 (y) (-d 2 J 2 (x) -(m-2q+ 2) X - 1 d x f 2 (x) 
+ {m-2q + 2)x- 2 h(x))-2x-^h{x)d^ 1 {y)) . 

4.2. Riemannian tensors on the cone. We give here the explicit form of the main Riemannian 
quantities on the cone. All calculation are based on the formulas given in Sections l2.2l and [2~6l Recall 
that a tilde denotes quantities relative to the section, that we have local coordinate (x, y\, . . . , y m ) 
on CiW, and that the metric is 

gx = dx ® dx + x 2 g. 

Let {bk}™ = i be a local orthonormal base of TW, and {bl}™ =1 the associated dual base. Then, 
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Direct calculations give Cartan structure constants 

cjko =0, l<j,k<m, 

Ski 1/77/ 

x 

Cjki = -Cjki, l<j,k,l< m. 

x 

The ChristofTel symbols are 

T ok i = 0, 1 < k,l < m, 

Tjok = -r^feo = ~~i ^<j,k<m, 

Fjki = ~^jkh 1 < 3, k,l<m. 

The connection one form matrix relatively to the metric g\ has components 
<^i,oo = 0, 

, . u lfij =-u 1J0 = --e* = -b*, l<j<m, 
(4.5) x J 



Ui,jk = X] T hkje* h = - ^hk 3 e* h = ^ f hkj b* h = u) jk , l<j,k< 
h=i h=i h=i 

To compute the curvature we calculate 

m m 

du> lfij = - ^2(dib*) A dyi = — ^ (dib k j)dy k A (ft//, 



Z=l Lk=l 

where b* = Y?k=i bkjdyk, and, for 1 < j, k < m, 

duijk — dujjk] 

while 

mm m 

-(lji A u>i)ko = (wi A cji) fc = ^ wi.oi A Wi ;(fe = Wi i0 /. A Wi ; ; fe = - b\ A 

i=o Z=l 1=1 

m m 

(wi A cJi)j fc = y^cjijj A cji : ; fe = cjijo A wi :0 fe + y"Vi,ji Auyt = -6* A b* k + (ui A uj) jfe , 
2=0 2=1 
for 1 < j, k < m. The curvature two form has components 

^1,00 = 0, 

m m 

= ~ X! ( d i b kj)dyk Adyi-Y b i A ^fe, 1 < j < m, 

l,k=l 1=1 

Qijk = dCbjk - b* A b* k + (<D A = f^fc — b* Ab* kl 1 < j, fc < m. 

Next, considering the metric 50 = ® + 5, similar calculations gives: 

^o,oj =0, < j < m, 
w ,jfc = Wj/s, 1 < j,k < m. 
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By equations ([4T5J1 and (|4l)|) , 

_^ m I m 1 m 

(4-7) 5! = -- Y, e t A 4 = - g E 6 fe A 6 fe = ~2 £ ^ A e *' 

fe=i fc=i fe=i 

(4.8) S = 0. 

We also need the curvature two form Q on the boundary dCiW. A similar calculation gives 

Note in particular that it is easy to verify the equation (1.16) of [3]: O = i*Oi — 26^. For 

;2 m 

3,k=l 



2 



B^E "i* Ab* Ab 

j,k=l 



while (i*Q)jk — fljk — bjt A gives 

i*Oi Jft =^ (*<>,;, - 6* A b 



I 2 

3,k=l 



k) Ab*Ab%. 



4.3. The Laplace operator on the cone and its spectrum. We study the Laplace operator on 
forms on the space C{W . This is essentially based on [9] and [6]. Let denote by C the formal differen- 
tial operator defined by equation (14.4)) acting on smooth forms on C/ nW, r(C( nW, AT*C( ,i] W). 
We define in Lemma 14.11 a self adjont operator A acting on L 2 (CiW : A^C{W), and such that 
Aui = Clj, if u) E domA. Then, in Lemma |4T2j we list all the solutions of the eigenvalues equation 
for C. Eventually, in Lemma l4~3l we give the spectrum of A. 



Lemma 4.1. The formal operator C in equation with the absolute /relative boundary con- 

ditions given in equations H2.9\) / l[2.10\) on the boundary dC{W defines a unique self adjoint semi 
bounded operator on L 2 (C'iW, A^T*CiW), that we denote by the symbol A a bs/A re i, respectively, 
with pure point spectrum. 

Proof. Let L^ q > denote the minimal operator defined by the formal operator £S q \ with domain 
the g-forms with compact support in CiQnW, namely domX^ = ro(C(o,q W, AT*C(qm W). The 
boundary values problem at the boundary x = I, i.e. dCiW, is trivial, and gives the self adjoint 
extensions stated. The point x — requires more work. First, note that L^ q ' reduces by unitary 
transformation to an operator of the type 

(4.9) D 2 + ^, D = -*4-> 

x ax 

where A(x) is smooth family of symmetric second order elliptic operators [5] pg. 370. More precisely, 
the map 

% : C^((0,l},A^T*W x A^T*W) -> C°° (C m W, A^T*C m W), 
i/j q : , oj(i-V) H' x q - m ' 2 ir*uj^ (x) + x^-" 1 ' 2 ^* oj^- 1 ^ (x) A dx, 
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where it : C(nnW — > W, is bijective onto forms with compact support. Moreover, ip q is unitary 
with respect to the usual L 2 structure on the function space T(CiW, A^T*C; W) and the Hilbert 
space structure on ^([0,1], A^T*W x A^-^T*W) given by 

r-l 



(\\^ q) (x)\\l (q)T , mg + \\^\x)\\ 



2 

K(i-i)T"W,g 



dx. 



Under the transformation tp q , has the form in equation (|4.9[) . with A(x) the constant smooth 
family of symmetric second order elliptic operators in T(W, hy$T*W x hS q ~ x >T*W): 

A(x) A(0) ( Kiq) + (f - 9) (f - 9 - 1) 2(-l)»d 

Next, by its definition, A(x) satisfies all the requirements at pg. 373 of [BJ, with p = 1 (in 
particular this follows from the fact that A(x) is defined by the Laplacian on forms on a compact 
space). We can apply the results of Briining and Seeley [5] [BJ, observing that in the present case 
we are in what they call "constant coefficient case" (Section 3 of [BJ). By Theorem 5.f of [BJ, the 
operator L extends to a unique self adjoint bounded operator A^. Note that this extension is the 
Friedrich extension by Theorem 6.1 of [BJ. Note also that bundary condition at x — are necessary 
in general in the definition of the domain of A^ q \ see (L2) (c), pg. 410 of [BJ for these conditions. 

Eventually, by Theorem 5.2 of [BJ, the square (here p = 1, so m = 2) of the resolvent of is 
of trace class. This means that the resolvent is Hilbert Schmidt, and consequently the spectrum of 
A' ? ) is pure point, by the spectral theorm for compact operators. Note that we do not need the 
cut off function 7 appearing in Theorem 5.2 of [6j, since here < x < I. 

□ 

Lemma 4.2. [9] Let {^ar n> ^clx.n, y'ex.n} be an orthonormal base ofT(W, A^T*W) consisting of 
harmonic, coexact and exact eigenforms of A^ on W . Let \ qn denotes the eigenvalue ofipcex,n and 
m ccx . q . n its multiplicity (so that m ccx . q . n = dimfcex.n = dim£^ n ). Let J„ be the Bessel function 
of index v . Define 

a q = ^(l + 2g-m), 



Then, assuming that n qiTl is not an integer, all the solutions of the equation Au — \ 2 u, with 
A 7^ 0, are convergent sums of forms of the following six types: 

+ x a ^- l J ± ^ n {\x)dx A 
*P±M =x a «-> +1 J ±flq _ 2 J\x)dx A 



^±,o,x =d x (x^J ±laq _ l{ (\x))dx A pfcj. 
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When \i q ^ n is an integer the — solutions must be modified including some logarithmic term (see 
for example |41j for a set of linear independent solutions of the Bessel equation). 



Proof. The proof is a direct verification of the assertion, using the definitions in equations 
(|4.3j) . and (|4.4j) . First, by Hodge theorem, there exist an orthonormal base of A^T*W as stated. 
Thus, we decompose any form ui in this base. Second, we compute Aw, using this decomposition and 
the formula in equation (j4.4[) . This gives some differential equations in the functions appearing as 
coefficients of the forms. All these differential equations reduce to equations of Bessel type. Third, 
we write all the solutions using Bessel functions. A complete proof for the case of the harmonic 
forms can be found in [27] Section 5. □ 

Note that the forms of types 1 and 3 are coexact, those of types 2 and 4 exacts. The operator 
d sends forms of types 1 and 3 in forms of types 2 and 4, while aft sends forms of types 2 and 4 in 
forms of types 1 and 3, respectively. The Hodge operator sends forms of type 1 in forms of type 4, 
2 in 3, and E in 0. 



Corollary 4.1. The functions + in Lemma \4-l\ are square integrable and satisfy the boundary 
conditions at x = defining the domain o/A rc i/ a b s - The functions — either are not square integrable 
or do not satisfy these conditions. 

Remark 4.1. All the — solutions are either not square or their exterior derivative are not square 
integrable. Requiring the last condition in the definition of the domain of A rc i/ a b s , it follows that 
there are not boundary conditions at zero. This was observed by Cheeger for harmonic forms when 
the dimension is odd in 9 Section 3. 

Lemma 4.3. The positive part of the spectrum of the Laplace operator on forms on CftW , with 
absolute boundary conditions on dCiW is: 

S P+ A ibs = {m ccx , q ,n ■ jl qtn ,a q ,k/ 12 } n fc=1 U {m cex , q -l,n : ^,_ 1 , ni a,_ 1 ,fc/i a } n fe=1 

U {mcex.g-i.n : jl q _ l n:k /l 2 } U {m g - 2 ,„ ■ j^,_ 2 , n ,fc/^ 

( * \ 00 ( * *\ OG 

U (m har , g ,o : j? aqlaq , k /l 2 \ k=i U |m ha r,<?-i,o : j^^a^k/ 1 } fe=1 
With relative boundary conditions: 

Sp + A« = {m cex , g ,„ : / 2s }~ ; U {m ccx , q - hn : j" a _' / 2s } 

U {m cex>q . lin : j^-a^k/l- 23 }^ U {m cex>(? -2, n : J^^^jr^ \ ^ 

U {m har ,g : J\a q \,k/l ) fe=1 U (mhar.g-l : J\ aq ^\,k/l } k=1 , 

where the are the zeros of the Bessel function J^(x), the j^, tC ,k are the zeros of the function 
Jfj.{x) = cJ^(x) + xJ'^x), c € R, a q and (j, q>n are defined in Lemma \4-S\ 

Proof. By the Lemma I4TT1 Lemma I4T21 and its corollary, we know that the + solutions of Lemma |4~21 
determine a complete system of square integrable solutions of the eigenvalues equation A^u = \u, 
with A ^ 0, satisfying the boundary condition at x = 0. S incc ^abs/rel pure point spectrum, 
in order to obtain a discrete resolution (more precisely the positive part of it) of A ? , , we have 



, oo 
. oo 



,,fe=l 



to determine among these solutions those that belong to the domain of AvL p namely those that 



abs/rcl ' 

abs/rel ' 
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satisfy the boundary condition at x = I. We give details for absolute BC, the analysis for relative 
BC is analogous. So consider absolute BC, as given in equation (|2.9p . For a form of type 1 to 
satisfy this condition means 

i.e. 

a q J tlq jXl) + XU' flq jXl)=0, 
and this gives A = For forms of type 2, we get 

d x 4 q] \x = l=0; 

that gives 

a(q-l)J^_ 1 J\l) + XU^_ 1 jXl)=0, 
so A = jf,, n (i- i),fc,a(i-i)/^ For forms of type 3, we obtain the system 

f * a *- 1 - 1 J IH -i.M\ x=l = o, 

1 (x 2a «-^+ 1 a a! (a;- a «- 1 J^ iB (Aa?))) - Ax"^- 1 J^_ l n (Ax) 



= 0. 



Using classical properties of Bessel functions and their derivative, we obtain A = j flq _ 1 ,n,k/l- For 
forms of type 4, we get 

^- 2+1 J^_ 2:n , fe (A0| r=i = 0, 

that gives A = j f _i q _ 1 , n ,k/l- Similar analysis gives for forms of types E and O: A = j\ aq \,k,a /I an d 
A =3\ aq _ 1 \,k,ct q -Jh respectively. 

□ 

We conclude with the harmonic forms of A. The proofs are similar to the previous ones, so will 
be omitted. 

Lemma 4.4. [9] [27] With the notation of Lemma \4-%\ and 

then all the solutions of the harmonic equation Au = 0, are convergent sums of forms of the 
following four types: 

r±,2,7i ~~ x a< rccl,n ' u ±,«-l,n-A ux A ^ccl,n ' 

V£ 9) 4,„=^±-^ +1 dxA^ c -„ 2) . 
Lemma 4.5. ylsstime dimlU = 2p — 1 is odd. Then 



ri q (W), 0<q<p-l, 
M, P<q<2p-1. 

'{0}, 0<q<p, 
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Proof. First, by Remark 14.11 we need only to consider the + solutions in Lemma [4.41 The proof 
then follows by argument similar to the one used in the proof of Lemma 14.31 Let see one case in 



details. Consider \ „ = x a +-"-"-if < fJ l n , where a+, q , n = a q + f-q,n- in order that „ satisfies the 
absolute boundary condition (12.91) . we need that 



dCiW 



,(«> 



and this is true if and only if a +!g! „ = 0. The condition a +!g! „ = is equivalent to the conditions 

' "" A " y +,l,n 

□ 



Ag, n = 0, and a q = -\a q \. Therefore, (p ( c q J n is harmonic, < q < p - 1, and in = <Pcci ( 



5. Torsion zeta function and Poincare duality for a cone 

Using the description of the spectrum of the Laplace operator on forms A^ s / rcl given in Lemma 
14.31 we define the zeta function on q- forms as in Section 12 .51 by 

C(«,A& /r J= £ 

for Re(s) > Even if we can not apply directly Proposition 13.21 the explicit knowledge of 

the behaviour of the large eigenvalues allows to completely determine the analytic continuation of 
the zeta function, by using the tools os Section 13.31 In particular , it is possible to prove that 
there can be at most a simple, pole at s = 0. We will not do this here (but the interested reader 
can compare with [39]), because for our purpose it is more convenient to investigate the analytic 
properties of other zeta functions, resulting by a suitable different decomposition of the analytic 
torsion, as described here below. For we define the torsion zeta function by 

m+l 
9=1 

It is clear that the analytic torsion of C{W is (in the following we will use the simplified notation 
T(dW) Sar T((CiW,g);p)) 

logT abs/rol (C7 ; W r )=^ bs/rcl (0). 
Our first result is a Poincare duality (compare with Proposition [2Tj [22] and the result of |11]). 

Theorem 5.1. Poincare duality for the analytic torsion of a cone. Let (W,g) be an ori- 
entable compact connected Riemannian manifold of dimension m, without boundary, then 

logT abs (<W) = (-lriogT^CW). 

Proof. By Hodge duality in equation (|2.7p . the Hodge operator * sends forms of type 1, 2, 3, 4, E, 
and O into forms of type 4,3,2,1,0, and E, respectively. Moreover, * sends g-forms satisfying 
absolute boundary conditions, as in equation (|2.9|) . into m+l — q- forms satisfying relative boundary 
conditions, as in equation (|2.10[) . Therefore, using the explicit description of the eigenvalues given 
in Lemma it follows that SpA^ s = SpA^™ +1 ~ 9) . Using the formulas in equations ([Oil , 
and (|4.4j) . and the eigenforms in Lemma 14. 21 a straightforward calculation shows that the forms of 
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type 1, 3, and E are coexact, and those of type 2, 4, and O are exact, and that the operator d sends 
forms of type 1, 3, and E in forms of type 2, 4, and O, respectively, with inverse S. Then, set 



F {i) 

ccl.abs 



f a 1 00 f 1 00 

(m cc i, g ,„ : j^ ntaqtk /l U |m cc i, g _i,„ : 3 Mt _ lin ,k/ 1 J n k=1 

( a 1 OO 

U {tncd.,,0 : j\a q \,a„k/ 1 j fc=1 . 

u{m d , 9 - l) o:i| a ,_ 1 |, a ,_ 1>fc /J } fe=i - 
•^cci abs ^ S ^ ne se ^ °^ ^ ne eigenvalues of the coclosed g-forms with absolute boundary conditions, 



cl,abs 



and F^ abs is the set of the eigenvalues of the closed g-forms with absolute. Since obviously SpA^ 
^Sabs'u ^l!abs> and = F<g£ , we have that 



1 771+1 m+1 

W») = ^ £(-W(s,AW) = i ^(-1)^ C ( S ,A^ +1 " ?) ) 

9=0 tf=Q 
m+1 

= (-l) m f re i( S ) + g (m + 1) £ (-ir +1 -«C(^, A<2>) 

m+1 

= (-l) m < rcl ( S ) + 5 (m + 1) £ (C(*. ^Xbs) + C(«, *fib.) 

9=0 

= (-l) m t re i(s). 
Since by definition logT abs (W / ) = i abs (0), the thesis follows. 



□ 



6. The torsion zeta function of the cone over an odd dimensional manifold 

In this section we develop the main steps in order to obtain the proof of our theorems. This 
accounts essentially in the application of the tools described in Section EPl to some suitable sequences 
appearing in the definition of the torsion. So our first step is precisely to obtain this suitable 
description. This we do in this section. In the next two subsections, we will make the calculations 
necessary for the proof of our main theorems. 

We proceed assuming dimT'F = 2p — 1 odd, and assuming absolute boundary condition; for 
notational convenience, we will omit the abs subscript. 
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Lemma 6.1. 



;2s p~ 2 / °° 



9=0 \n,fc=l 
+ (-1) 



;2s / 00 \ 
P 1_ 2~ I E TO ccx,p-l : n (j flp _ l nj k ~ CV p -i,„,fc) I 



2 

<?=0 fc=l 



Proof. Using the eigenvalues in Lemma 

00 00 00 

i £(s, A^) = E mccx '1' n ^ q , n .a q .k + E rnccx '1- 1 ' n -itJ. q -i, n ,a q „ 1 ,k + E m cex,g-l,nj '^"^^ 
n,k—l n,k—l n,k—l 



n.k— 1 fc— 1 fc— 1 

Since for each fixed g, with < (7 < 2p — 2, 



e ^c OX , 9 ,nj- 2 : !a9 ^ + (-i) 9+i (9+i) e TO ™J; 5 2 :, Q5 , fc 

n,k— 1 n,fe=l 

00 00 

+ (-l)*+l(g + l) £ mo«, g ,ni^: jfc + (-l)^ 2 (g + 2) E '^*W, 2 \a 
7i,fe=l n,fc— 1 

00 00 

+ q(-iy E m har,,,0j|^ ja<jfc + (q + E m ^«M\c 



-■-2s 

q \,a q ,k 

k=l k=l 



,k=l n.k—1 J k—1 



=(-i) 9 ^ E m ^i,nj^ s n<k - E mccx ,i,«3»*, at ,k ] +(- 1 ) 9+1 E mh ^9^i4t«„fc- 

it follows that 

/2s 2 P- 2 ^ , . /2s 

Ks) = - e E »*«,«.« fe 2 i, fc - 3; ? 2 :,«„ fc ) + T E E 

9=0 n,fc=l g=0 fe=i 

Next, by Hodge duality on coexact g-forms on the section (see equation (|2.7p ) A 9 ,„ = \i v -i-q,ni 
and recalling the definition of the constants a q and /Zg„ in Lemma |4.2[ we have that a 9 = 4(1 + 
2q-2p+l)=q-p+l = -a 2p -2-q, and /i g , n = fJ,2p-2-q,n- Thus, fixing 9 with < q < p - 2, 

00 00 

(~ l ) q E mccx .9.™ {jnqH,k ~ in q S n ,a q ,k) + (~1) (2P 2 ?) E mccx .9.™ {j^ q 2S n ,k ~ jfi q S n -a q ,k 
n^k—1 n,k—l 



; ( i) 9 E mcex .9.« (^Vfn,* ^ q .l,a q ,k 3ni,n,-a q ,k) ■ 
n,k—l 
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while when q = p — 1, A p _i, n = A 2p _i_( p _i) in , and a q — 0. Therefore, 



t/=0 n,k=l 



fc=l 



72s ^P" 1 00 

+ T E(- 1 ) 9+1 E^oi,- 2 9 u, fe , 

g=0 fc=l 

where j£ fc = j„fi t k are the zeros of J' nu . Eventually, consider the sum 

2p-l oo 
g=0 fe=l 

We will use some classical properties of Bessel function, see for example [4T]. Recall m = 
dim W = 2p—l, and therefore a q = q—p+l is an integer. Moreover, a q is negative for < q < p— 1. 
Fixed such a q, we study the function J_ Q9 . Qg (z) = a q J- aq (z) + zJ'_ a ^(z). Since 

z J'^(z) = -zJ^+^z) + nJ^(z) 

it follows that J- aq , aq (z) = -zJ- Uq+1 (z) = -zL^^z), and hence j| ag |, ag ,fe = j-a q _ u k- Next, 
fix g with p— l<g<2p — 1, such that a q is a positive integer. Then, since 

zJ'^z) = zJ tl -i(z) - nJ^(z), 

the function J aqi0lq (z) = a q J aq (z)+zJ' aq (z) coincides with zJ Uq ^i(z), and hence j\ aq \, aq , k = j aq _ lt k- 
Note that when q = p - 1, a p _i = and hence i aj) _i,a! P _i,fe = j ,fc = il.k- Summing up, 

2p — 1 oo p — 2 oo oo 

E E — r , 9 ,oi,-:u,* = E(-D 9+1 E + (-!) p E 



_,o 

g=0 k=l 9=0 A;__l J ~a q -i,k fc=l ■'l,* 



2p— 1 GO 

+ E(- 1 ) 9+1 E ! S M ' 

<3=P fe=l ■'a t -i,k 

and since by Hodge duality m 9i o = m2p-i-q,o, 

f? — 2 OO oo 

= E(-!) 9+1 E "W^I 2 :^,, + (-If £ mha^-rojj 8 

9=0 fc=l fc=l 

p— 1 oo 

+ E(- 1 ) 2p_9 E - h a, 2P -i- 9 ,oj- 2 ;- 2 - 9)fc 

g=0 fe=l 

2 oo oo p— 1 oo 

+ E(- 1 ) 9+1 E '"--/^ * ,* + (-i) p E m^, P -i, jT,t s + E(-!) 9 E >"^f:, : ,- 

q=0 k=l k=l q=0 k=l 

p— 1 oo 

= £(-i)«+ 1 m har , 9 ,o£(jz 2 :_ 1 , fc -r; 



■-2s 

,k 



q=0 k=l 



ANALYTIC TORSION OF CONES 



27 



Since mh ar , g ,o = vk% q {dCiW\ Q), this completes the proof. 
It is convenient to introduce the following functions. We set 

oo 

Zq( S ) — E m ccK,q,njfj, q 
n,k— 1 



•^g( s ) — E m ccx, 9 ,nO'^ g „,fe) 2S , 

(6.1) "' fe=1 



7i, k— 1 

oo 



- 7" 2S , 
,fe J — ot a ,k } 1 

fe=l 



for < g < p — 1 , and 
(6.2) 
Then, 



tp-i(s) = Z p -x{s) - Z p -i(s), 

t q (s) = 2Z q {s)- Z q>+ (s)- Z q _(s), 0<q<p-2. 



9=0 

^^(-l)«rkK g (aQW;Q)z 9 ( S ) 
2 9=0 



=^ £(-!)%(*) - ^E(-l)™,(0CW;Q)z,( S ), 



and 



(6.3) 



2 ' * v y 2 

g=0 9=0 



logT(CW) = f (0) =^ ^(-iy +1 r q z q (0) + E(-1)%(0) 

\?=0 9 =0 / 



\9=0 9 =0 / 



□ 



\q=0 9= 

where r g = rkT-L q (dCiW; Q). In order to obtain the value of \ogT(CiW) we use Theorem l3.2l and its 
corollary applied to the functions z q (s), Z q (s), Z q (s), Z q> ±(s). More precisely, the functions z q were 
studied in Section 13.21 and we will study the functions t q in Sections 16.11 and 16.21 and eventually 
we sum up on the forms degree q in Section [3 

6.1. The function t v _\{s). In this section we study the function t p _i(s). For we apply Theo- 
rems [3TT] and [372] to the double sequences S p -i — {m v _\^ n : jf lp ln fe}£?=i and S p -i = {m p _i „ : 
U'» p _ lin ,k) 2 }n=i> sincc Z p -i(s) = ((s,S p -i), Zp_i(s) = C(s,S p -i). First, we verify Definition 
For we introduce the simple sequence U p -i = {m p _i „ : {j l p-i <n }'£L 1 . 
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Lemma 6.2. The sequence U p -\ is a totally regular sequence of spectral type with infinite order, 
e(Up-i) = g(C/ p _i) = 2p — 1, and £(s,U p -i) — ( cex f| , A^ -1 ^ , with possible simple poles at 
s = 2p- 1 -h, h = 0,2,4,.... 

Lemma 6.3. The logarithimic Gamma functions associated to the sequences Sp— i,n/Mp— i 5 n and 



Sp-i tn / fip-i n have the following representations, with A € Dg tC) < 9 < ir, c 



min(jf, .<j'„ Y) 



2/-; 



logr(-A,5 p _i,„/^_ 1)n ) = -log 



logT(-\,S p -i, n /nl_ lt . 



log^-i,„(^p-i,nV-A) + (m p -i,«) 1o 8'V^A 

Mp— l,n ,nj Mp— l,n 

log2 - logr(/Xp_i in + 1), 

log 



-Q A | (-A)(/ip-l,n) 2 \ 
fc=l \ (^-i.n.fe) 2 / 



/Xp-l, n log(Mp-l,n) ~ Mp-l,nlog2 - logr(/ip_ lin + 1). 



Using the expansions of the Bessel functions, it follow from Lemma 16.31 that there is a complete 
asymptotic expansion for the functions logr(— A, Sp—i <n /p>p—i n ) an d l°gr(— A, S p -\. n / ^_ ln ), and 
then the sequences Sp-\^nl y? p _ ln and S p -i. n / fi p _ ln are sequence of spectral type. A simple 
calculation shows that they are totally regular sequences of infinite order. 

Proposition 6.1. The double sequences S p —i and S , p _i have relative exponents (p, p ~ , i), relative 
genus (p,p — 1, 0), and are spectrally decomposable over U p —i with power k — 2, length t = 2p and 
domain Dg c . The coefficients ah appearing in equation \3. 3\) are ah — h—1, with h = 0, 1, . . . , I = 
2p. 

Proof. The values of the exponents and genus of S follow by classical estimates of the zeros of the 
Bessel functions [41] . and zeta function theory. In particular, to determinate sq — p, we use the 
Young inequality and the Plana theorem as in [33]. Note that a > h, since S2 — \- The exponents 
and genus of S are the same, since the zeros of the derivative of the Bessel function are correlated by 
those of the Bessel function, namely < f k < j p .k+i- As observed, the existence of a complete 

asymptotic expansion of the Gamma function logr(— A, S p —i, n ) and log T(— A, S p —i in ) follows by 
Lemma 16.31 This implies that S p —i tn and S p —i t n are sequences of spectral type. A direct inspection 
of the expansions shows that iSp-i, n and Sp-i t n are totally regular sequences of infinite order. The 
existence of the uniform expansion follows using the uniform expansions for the Bessel functions 
and their derivative given for example in [28] (7.18) and Ex. 7.2, and classical expansion of the 
Euler Gamma function [15] 8.344. We refer to [18] Section 5 or to [19] Section 4 for details. This 
proves that S p -i, n and S p -i t n are spectrally decomposable over U p —i, with power k = 2. The 
length t of the decomposition is precisely 2p. For e(U p -x) =2p—l, and therefore the larger integer 
such that ah = h — 1 < 2p — 1 is 2p. □ 

Remark 6.1. By Theorem \3.1l only the terms with ah — 1, o~h — 3> • ■ ■> o~h = 2p — 1 namely 
h = 2,4, ...,2p, appear in the formula of Theorem \3.'A since the unique non negative poles of 
C(s, Up_x) are at s = I, s = 3, ... s = 2p — 1, by Lemma 
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Since we aim to apply the version of Theorem 13.21 given in Corollary 13. 11 for linear combination 
of two spectrally decomposable sequences, we need more information on the uniform asymptotic 
expansion of the difference S p —i — S p —±. This will also give the functions (j) (7h (X), necessary in the 
following. 

Lemma 6.4. The difference of the logarithimic Gamma functions associated to the sequences 
Sp-i, n / Hp-i and Sp-i^n/ [ip_ l n have the following uniform asymptotic expansions for large n, 
A G D e ,c, 



i og r(-A,5 p _i,n/(Mp-i,„) 2 )- 1 ogr(-A,v 1 ,„/(^_ l! j 2 ) = 

= -logI(Mp-i,n'\/-A) +log/'(Mp-i,nV = A) +log\/^A 

1 ^ 1 / 1 N 

- - log(l - A) + ]T ^p-iWj-p g + O 



Proof. By Lemma 
(6.4) 



logT(-A, 5 p _i,„/(Mp-i,n) ) - logT(-A, S' p _i i „/(^ p _i^) ) = 

= - logJ(/i p _i,„A/ = A) + bgJ'(/ip_i >7l V' = A) + logV^A. 



Recall the uniform expansions for the Bessel functions given for example in 28] (7.18) pg. 376, 
and Ex. 7.2, 



I V {VZ) = 



2p-l 



where 



U (w) =1, 

U j (w)=~w 2 (l-w 2 )-^-U j . i (w) + ^ I CL---»/-)r, ,./),//. 



8 Jo 



with w = 



and 



(1 + z 2 )*e 



1 vVT+Z* ' y '° S 1 + / 1 + ,2 



'21TUZ 




VoM =i, 
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Then, 



\ogI v {vz) = vy 1 + z 2 + v log z - v\o%(\ + \/\ 4- z 2 ) 



2p-l 



I I / 

- \og2nv - - log(l + z 2 ) + log 1 + 22 



3 = 1 



1/J 



o 



\ogIl{vz) = v\J 1 + z 2 + v\ogz — i/log(l + yl + z 2 ) — log 2 

2p-l 

^ Inu ^7T7y 4- - lrW 1 4- 7 2 \ 4- W I 1 4 



1 1 / 2P_1 

- log27w 4 - log(l + z 2 ) + log 1 + ^ 



//J 



1 



1 



and substitution in equation (|6.4[) gives 



logT(-A, S'p_i ! „/(^p_i ! „) 2 ) - logT(-A, Sp-i^/^p-i,™) 2 ) 

^•(\/=A) 



1 / 2p-l /- 

=iio g (i-A)-iog 1+^^: 

2 V ^ ^ 



o 



v Mp-i, 



2p-l 



j=l "p— l,n 



„ A*p-i, 



Expanding the logarithm as 



where a = 1, a! = and 



we have that 



i-i 



k=i ■* 



lo g r( - A, Vi,n/(A*p-i,n) a ) - lo g r(-A, Sp-x.n/C/ip-x.n) 2 ) = - log(l - A) 



1 



2p-l 

j=l Pp-l,' 

o ( 1 



J'-l 



V$(V=A) - t/;(\/=A) + E " (%(A/=A)ii-*(A) - Ufc(V=A)Ij-*(A)) 



fc=i 



« 2p 
,^p-i, 



where we denote by lj(X) the term in the expansion relative to the sequence S (thus the one 
containing the Vj(z)) and by lj(X) the term relative to S (thus the one containing the Uj(z)). 
Setting 



^-ij(A) = ii(A)-/i(A) 



(6.5) 



j'-i 



fc=i 



we have the formula stated in the thesis. 
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□ 

Remark 6.2. Note that there are no logarithmic terms log/i p _i !rl in the asymptotic expansion 
of the difference of the logarithmic Gamma function given in Lemma \6.4\ This permits to apply 
Corollary\3l\ 



Next, give some results on the functions (f>j p _i(X), and on the functions $j p _ 1 (s) defined in 
equation (|3 .4[) . 

Lemma 6.5. For all j , the functions 0j iP _i(A) are odd polynomial in w 



3.7+1 
k=j 



Proof. This follows by the definition in equation (|6.5p in the proof of Lemma 16.41 □ 
Lemma 6.6. For all j , 0j, p _i(O) = 0. 
Proof. We use induction on j. For j = I 

11 11 



2(1 -A)* 2(i_A)f 

and hence 0i i? ,_i(O) = 0. Assume 4>k. P -i{0) = for k = 1, . . . ,j — 1. For simplicity, write <p as & 
function of w = (1 — A) - '. Then, by definition 

(j) jtP -i(w) = ij(w) - lj(w) 

j-i . 

= Vj{w) - Uj(w) + 3 - Z A (U s {w)lj- S (w) - V s (w)ij- S (w)) 

8=1 J 



J-l ■ _ 



s = l 

8=1 ^ W J 

Since ?7j(l) = V,(l) for all j, and <^j_i iP _i(if;) = lj-i(w) — Zj_i(u>), using the induction's 
hypothesis, the thesis follows. 

□ 

Corollary 6.1. For all j, the Laurent expansion of the functions <$>2j+l,p-l(s) at s — has coeffi- 
cients: for 1 < j ' < p — 1 

3i+i fe 

Res $2j+i, P -i(s) = 2 V* a j>-i,fe ^ — 7i Resi $ 2 j+i,p-i(s) = 0, 

k—j + 1 t—2 



:»,2 
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and for j = 



Res $i. p - 

s=0 



l(s) = 2a 0)P -i, 



Resi $1 p - 

s=0 



(s) = 0. 



Proof. The proof follows from the definition in equation (|3.4|) . classical results on the Euler Gamma 
function (see equation (|10.5p in the appendix), and calculation based on the formula ()10.6|) in the 
appendix. See [T7] for further details. The formula for j = follows by explicit knowledge of the 
coefficients 00,1. □ 

Next, we determine the terms Ao,o(0) and Af 01 (0), defined in equation (|3.6|) . Using an upper 
dot to denote the ones relative to the sequence S p -x, we have the following result. 

Lemma 6.7. 



-4o,o,p-i(s) = A ,o,p-i(s) - A 0l o lP -x(s) = 0, 
-4o,i,p-i( s ) = 
Proof. The defining equation (|3.6[) reads 



Aos, p -i{s) = vlo,i,p_i(s) - A ,i,p-i(s) = ^C(2s, Up-i). 



p 



^0,0,J)-l(s) — m CCXiP _i !rl I ao,0 : n,p-l — ^ b2j-l,0 : 0,p-lfJ< v -i + n I A*p-1 



n ' 



3=1 

00 / p \ 

A),l,P~l( s ) = m ccx,p-l,ri I ao,l,n,p-l — &2j-l,0,l,p-lA t p-l^n I Mp-l.n- 
n=l \ 3=1 / 

in the present case. We need the expansion of the functions logr(— A, S p -x, n / H p -x „), Z2j_i(A), 
logr(~A, Sp-i, n /fi p _ l n ), and ?2j-i(A), for j = 1,2, ... ,p, and large A. Using classical expansions 
for the Bessel functions and their derivative and the formulas in equation (|3.5[) . we obtain (see |17j 
for further details) 



ao,o,n,p-i = ^log2?r+ Uip-i,n + log/i p _i, n - fi p -x,n log2 - logr(/i p _i ) 



1 / 1 



1), 

"0.1 .„.,-, - 1 = - ^Mp-l,n + 2^ ' 
&2j-i : o,o,p-i = 0, b2j-i,o,i,p-i = 0, i = l,2, ...p, 
note that ba^-i o,p-i = since Z 2j _i (A) don't have constant term. 

ao.o.n.p-i = ^l°g2vr + (u p -x, n + bg/ip_i )W - /i p _i, n log2 - logr(/i p _i in + 1), 

1 / 1 



a o,i,n,p-i — 2 I Mp-X,n — 2 
&2i-i,o,o,p-i = 0, &2j-i,o,i,p-i = 0) i = l)2, ...p, 
and 623-1 o,o,p-i — since ^'-lM don't have constant term. The thesis follows. 



□ 
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We now have all the necessary information to apply Theorem 13.21 and its corollary. We obtain 
the following result, where we distinguish the regular part and the singular part, as in Remark 13. II 

Proposition 6.2. 

ip-l(O) = t p _i rog (0) + ip-l,sing(0), 
*p-l( u ) = *p-l,reg(0) + ^p-l,sing(0), 



where 



tp-x^M = -|c(o, u P -i) = -^Cccx (o, A^- 1 )) , 

ip-l, S ing(0) = 0, 

fp-l,reg(0) = -C'(0,t/p-l) = -^Ccex (o, A^) , 

*p-i,sin g (0) = o y] Res o $ 2j+i, 9 (s) Resi t(s,Up-i) 

2 ^ s =0 s=2j'+l 

p-1 



J VRes $2j+i,,(s) Re Sl C*x (£> 

2 ^— ' s=0 s=2l'+l V 2 

J=0 



Proof. By definition in equations (|6.1[) and (|6.2I) . 

t„_i(0) =Z p _i(0) - Z p _i(Q), 
^-i(0) ^^-^(O), 



where Z p _i(s) = £(s, S p _i), and Z p _i(s) = f(s, Sp-i). By Proposition 16.11 and Lemma [6.41 we 
can apply Theorem 13.21 and its Corollary to the difference of these double zeta functions. The 
regular part of Z p -i(0) — Z p -i(0) is then given in Lemma 16. 7\ while the singular part vanishes, 
since, by Corollary 16. 1[ the residues of the functions $k,p-i(s) at s = vanish. The regular part 
of Z' p _ 1 (0) — Z' p _ 1 (0) again follows by Lemma T6.7I For the singular part, since by Proposition 16. 11 
K = 2, £ = 2p, and = h — 1, with < h < 2p, by Remark 16.11 we need only the odd values of 
h — 1 = 2j + 1, < j < p — 1, and this gives the formula stated for t' p _ x sing (0). □ 

6.2. The functions t q (s), < q < p — 2. In this section we study the functions t q (s). For we 
apply Theorems 13.11 and 13.21 to the double sequences S q = {m q n : ^.j^Li and S q> ± = {m qn : 
il q , n ± aq ,k\n=n since we have that Z q (s) = ((s,S q ), Z q ,±(s) = ((s,S q ,±), where q = 0, 1, . . . ,p - 2, 
a q = p — q — 1. Note that the sequence S q coincides with the sequence S p -i analysed in Section 
16.11 with q = p — 1. So we just need to study the other two sequences. First, we verify Definition 
13.11 For we introduce the simple sequence U q — {m q n : fiq,n}%Li- 

Lemma 6.8. For all < q < p — 1, the sequence U q is a totally regular sequence of spectral type 
with infinite order, e(U q ) — g{U q ) — 2p — 1, and 



C(s,U q ) = ( cex (£,A(«)+o2) 
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The possible poles o/£(s, U q ) are at s = 2p— 1 — h, h = 0, 2, 4, . . . , and the residues are completely 
determined by the residues of the function ^ cex (s, A^ q '), namely: 



p—l—k , 2k+l\ 

Re Sl C{s,U q )= V [~) Re Sl ( ce J~,A^) 

s=2k+l V J J s=2(k+j) + l ^2 ) 

Proof. By definition U q = {m ccxqn : t l g.n}'^' = i, where by Lemmas 14.21 and 



a 2j 



2 



l^q.n — y ^q,n + a 

and the A 9i „ are the eigenvalues of the operator on the compact manifold W. Counting such 
eigenvalues according to multiplicity of the associated coexact eigenform, since the dimension of 
the eigenspace of \ Qin are finite, by Proposition 13. 2\ \ q ^ n ~ n™ for large n. This gives order and 
genus. Next, by definition 

OO OO t g v OO 

C(S, U q ) = ^ m cc ^ q , n {\,n + = E ( ^ ) X! m ccx,q,n^qA ' ' dg 3 

n=l j=0 ^ J ' ra =l 

' • • • • 



= £ 7 Cc e , (| + j, A<«>) < = Cce, (f , A«) - | Cce:c + A (9) ) 
j=0 v J ' 

The last statement follows by Proposition 13.31 

□ 

The analysis of the double sequences S q< ± is little bit harder than that of the sequences of the 
previous Section 16.11 since now the elements of the sequences are not multiple of zeros of Bessel 
functions (and their derivative). However, they are the zeros of some linear combinations of Bessel 
functions and their derivative, and this makes possible the following analysis. 

For c £ C, let define the functions 

Jv.c{. Z ) = cJ u {z) + Zj' u (z). 

Recalling the series definition of the Bessel function 

..v 00 I T\k,.2k 

jM = iV ( ' 

" l ; 2- ^ 2 2fc fc!r(^ + fc + 1) ' 

we obtain that near z = 

This means that the function z~ v J U:C (z) is an even function of z. Let j u ,c,k be the positive 
zeros of J UtC {z) arranged in increasing order. By the Hadamard factorization theorem, we have the 
product expansion 

+oo / \ 
Z \ 



Z U Ju(z),c = Z U X,c(z) Yl 1 



fc=-oo \ 3v,c,k_ 

and therefore 

oo / i 

C N 



v) 2 v T(v) 11 \ 7 "2 , 

v ' k=l \ Jv,c,k , 
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Next, recalling that (when — it < arg(z) < 5) 



J u (iz) = e% iu I u (z), 



we obtain 

J v , e (iz) = {cl u (z) + zll(z)) 
Thus, we define (for — it < arg(z) < 

(6.6) /„,«.(«) = e-^ v J u , c {iz), 

and hence 

(6-7) l, ±aq (z) = ±a q I u (z) + = (l ± v) II ( 1 



v ) 2T» 11 \ 7 '2 .)' 

y ' k=l \ Ju,±a q ,k / 

Recalling the definition in equation (|3.1|) we have proved the following fact. 

Lemma 6.9. The logarithmic Gamma functions associated to the sequences S qt ± tn have the fol- 
lowing representations, when A G Dq. C ' , with d — ^mm(j^ Ql jf lq ± aq ), 

to g r(-A 1 5 g ,±, n ) = -iogJJ (i 1 (_A| ] 



i 2 



fe=l \ 

= - 1 °g^,»,±a«(v'-A) + M 9 ,nlog \/-A - fiq !n log 2 

-iogr(/i g ,„) + iog(i±-^- 

Proposition 6.3. The double sequences S Qi ± have relative exponents (p, , |) , relative genus 
{p,p— 1, 0), and are is spectrally decomposable over U q with power n — 2, length £ = 2p and domain 
Dg c >. The coefficients ah appearing in equation A3.3\) are ah = h — 1, with h — 1, 2, . . . , £ — 2p. 



Proof. The proof is the same of the one of Proposition 16.11 

□ 



Remark 6.3. By Theorem \3.1\ only the term with ah — 1, o~h = 3, . . ., an = 2p — 1 namely 
h = 2,4, ...,2p, appear in the formula of Theorem \3.S\ since the unique poles of ((s,U q ) are at 
s = 1 . s — 3, ... s = 2p — 1. 

Since we aim to apply the version of Theorem 13.21 given in Corollary 13. 1[ for linear combination 
of two spectrally decomposable sequences, we inspect directly the uniform asymptotic expansion of 
2S q — S q> - — S q> +. This give the functions 4> ah . 
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Lemma 6.10. We have the the following asymptotic expansions for large n, uniform in \, for 
A e D e ,cf, 

2\ogT(-X,S q ^/^ 2 qn ) - logr(-A,S' ?!+ , n //x^J - logr(-A,5 g _, n /Mg >n ) 

= - 21ogJ M<in (/ig >n V^A) + logJ /l9>n , aj (Mg,nV C A) + l0g4g,n,-c« g O^nV^A) 
/ ^ \ 

- 2 log - log 1 



2p-l 



log(l - A) + £ & l9 (A)-J- + O ( — ^ 



i=i 



(A* 9 ,n) 2p 



Proof. Using the representations given in Lemmas 16.41 and 16.91 we obtain 

2io g r(-A, s q , n /nl n ) - io g r(-A, s Qi+tn /nln) - io g r(-A, 

= - 2l0g/ Al9i „(/i 9 ,„V /Z A) + l0g4 (I ,„,o: ( ,(j«g,n\ /Z A) + log 4, , n ,_ a f^n"/ 1 ^) 



- 21og^ g , n - log 1 ^- . 

Using the expansion given in Lemma l6.4l for I v {yz) and l' v (yz), we obtain the following expansion 
for I Vt ± a (vz), 



Iy,±a q {vz) = ±a q I v {vz) + vzl' v {yz) 



z 4 ■ 



2P- 1 | / 1 



where W ±ctqtj (z) = V 3 (z) ± ^U 3 (z). Thus, 

log Iv,±a q iyz) =v\J 1 + z 2 + v log z - v log(l + \f~\ + z 2 ) + log z/ + ~ log(l + z 2 ) 
- 5 lo § 2 ™ + log ^1 + E W ±at Az)^ + o j . 

This gives, 

2 io g r(-A, s q , n /(il n ) - io g r(-A, s,,+,„/^,„) - lo s r (-A, S,,-,n//*2,„) 



2p-l 



log(l-A)-21og 1+ E 



^(V^A) 



3=1 



2p-l 



+ log[ 1+E 

3=1 



f*i>q,n 



O 



o 



2p 
t^q.n 



2p 



2p-l 



log [ 1 + E 

3=1 



W_ aeJ (V=A) 



*g.3 



O 



2p 
t^q.n 



ANALYTIC TORSION OF CONES 



37 



Using the same expansion for the logarithm as in the proof of Lemma [ 

21ogT(-A, S q>n /nlJ ~ lo g r(-A, S 9 ,+, n /A&«) ~ lo g r(-A, S q ,-, n /nl„) 

= log(l - A) +J2 (-2%-i(A) + + ^-_i(A)) — jjTrf 

+ E f-2%(A) + Z+ (A) + /- ( A ) + -L- + O ( ^r) > 

where we denote by ij(A) the term in the expansion relative to the sequence S (thus the one con- 
taining the Uj{z)) and by lf(X) the terms relative to S± (thus the ones containing the W± aq ,j(z)). 
Setting 

6y-i >9 (A) = -2/ 2i _i(A) + i+_ x (A) + « 2 -._ x (A) 

(6.8) a 2j 

^- 9 (A) = -2/ 2i (A) + 1+ (A) + / 2 -.(A) + -j-, 

the result follows. 

□ 

Remark 6.4. TVofe £/ia£ there are no logarithmic terms log/i gi „ in the asymptotic expansion of the 
difference of the logarithmic Gamma function given in Lemma [6.1(A This permits to apply Corollary 



Next, we give some results on the functions cf>j t q(X), and on the functions $j i9 (s) defined in 
equation 



Lemma 6.11. For all j and all < q <p—2, the functions </>j, g (A) are odd polynomial i 

2j-i 

6y-i, 9 (A) = J2 a2j-i, q ,kW 2k+ ^-\ 



in w 



l 



The coefficients a,j t q t k are completely determined by the coefficients of the expansion given in 
Lemma \6.1(A 

Proof. This follows by direct inspection of the last equality in the statement of Lemma l6.10l □ 
Lemma 6.12. For all j and all < q < p — 2, <fij,q(0) = 0. 

Proof. The proof is by induction on j. We will consider all the functions as functions of w = ^= A . 
We use the following hypothesis for the induction, for 1 < k < j — 1: 

(6.9) 02fc-i,,(l)=O, 

(6.10) <hk,q0) = °> 

-2a 2k ~ 1 

(6-11) ^(Mjfl)^- 
(6.12) /-(l) - i+(l) = 0, 
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where the functions 4>j,q(\) are defined in equation (|6.8I) . and the function l(X) in the course of the 
proof of Lemma 16.101 

First, we verify the hypothesis for j = 1. Equations (|6. 1 1|) and (|6.12j) follow by the definition 
when k = 1. For equations (|6.9|) and (|6 . 10[) . we have by definition when k = 1 that 

( f> 1:q (\) = -2l 1 (\)+l+(\)+l-(\) 

= -2C7 1 (V = A) + Vi(V=>) + a q U (V^X) + V^V^X) - a q U {V=X) 
1 1 



and 



(1-A)i (l-A)i' 

&,,(A) = -2Z 2 (A) + / 2 + (A) + / 2 "(A) + a\ 

= -2U 2 (V^X) + 2V 2 {V^X) + C/i(\/^A) 2 - V±(V^\) 2 



3 1 



1 



1. 



2(1 -A) (1-A) 2 2(1 -A) 3 

and hence equations (|6.9[) and (|6.10p are also verified when k = 1. 

Second we prove that the equations (|6.9[) , (|6. 10[) . (|6.11[) . and (|6.12[) hold for k = j. Recalling 
that Z7fc(l) = 14(1) for all k, we have from the definition that 

- ^Vi(l) =Z/sy-i(l) - a g U 3j - a (l) - Ry-i(l) - c* 9 E%_ 2 (l) 



2j-2 

£ 

2j-2 

£ 

fe=i 



2 j - 1 - fc 
2j 

2J- 1 k 
2j 



^ (ww^a) -^_!_ fc (i))) 



— (« 9 i7 fc _i(i)a^_ 1 _ fc (i) +z+_ 1 _ fe (i))) 



and hence, using the hypothesis we obtain 

'^2(i-/,') 
2j 



= - 2a g £/ 2j _ 2 (l) + -^—Y^ q U2k-2(l) [ 2/ 2(j _ fc) 
2(j-fc)-i i-i 

-+£ 

fc=i " j *■ fc=i 



2(j-fe) ' 



i - k 



J-l 



%-! 1 2"A-i( 1 )^c--fc)-i(l) 



2j-l 
2q 



2a, 



2a„ 



^2i-2(l) + ^ I C/2 J -- 2 (l) 



2j 

2i-3 



2j- 



^ 2(j - 1)^_ 2 + £ (2j - 2 - fe)a,l7 fc (l)|^_ 2 _ fc (l) 



fc=i 



2c* 



2j 



2«r 1 



2a„ 



- 2a 9 C/ 2j _ 2 (l) + ^_[/ 2j ._ 2 (l) + 



2a,(2j-2)^ 2 j-2 
2j-l 



2j-l' 
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thus proving (|6.1ip for k = j. For (|6.9[) , note that 

<hj-iAV = - 2Zjy_i(l) + 1+^(1) + 1^(1) 

= E ^li fc (^(l)(2%-i- fe (l) - ^ 2 Vi- fc (l) ~ 

7 - 
2.7- 

and using the induction hypothesis, and (I6.11[) with k = j just proved, this means that 



k=l 
2j-2 



fe=i 



^ 2j-l-(2fc-l) rn a(i) 2 »- fc ) 
- ^ ^ U 2k -i{l) 

fc=i - 1 J 



and (|6.9[) with fc = j follows. For (|6.12[) . using the hypothesis, we have 



^(l)-^(l) 

=U 2j (l) - a q U2 3 -i(l) - U 2j (l) - a q U 23 -i{l) 



fc=l 

2j-l 



fc=l 



v 

2j 



= - 2a q U 2j . 1 (l) + -^—a q U 2k ^(l) f 2J 2i _ 2fe (l) - -^-^1 
+ £ 20 ' + 1 ^-rCl) ^^ + a 9 Er 9fc _ a (l)2i a0 _ Jk)+1 (l)j 

2j— 1 

= - 2a q U 2 ^(l) + 2Qg ^ l(1) + ^(2j - 1)^(1) + 2a ? g C/ fc _ a (1) 

/ 2j-2 \ 

= - 2a q U 2j . x {\) + ( C^i-i(l) + (2j - l)^-i(l) + E ( 2 J - 1 - *)0it(l)iy-i-k(l) J 
= -2a g ^_ 1 (l) + ^- 1 ) + a ^- 1 ^ = 0. 
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Eventually, for (jfTTU|) 



a 2j 

ch M (l) = - 2%(1) + 1+ (1) + 1^(1) + -j- 



7~ + E (%(l)(2^ fe (l) - l+_ k (l) ^_ fe (l))) 



fe=i 

2j-l 



E \^a q u k -i(i) (^_ fc (i)-^_*(i))) 



fe=i 



2j 



: E ^-^a)-^ -2E^- 2 (i) g = o, 

fe=l J J k=2 J 



□ 



We also give a recurrence relation satisfied by the functions <pj tq (X), that will be fundamental in 
the proof of Theorem 11.31 

Lemma 6.13. For all j and all < q < p — 2, the functions 4>j, q {w) satisfy the following recurrence 
relations ( where w = ) 

J-2 

</) 2j -i, 9 (A) = w 2 ^ 2 a 2 q j - 2 (j) qA {w) + ^2K 2j -i,t(w)af + 20 2i _i iP _i (w) 

t=i 

(w 2 -? - l)a 2i 

&i,,(A) = +5]%W< + 2^, P _ 1 H, 

^ t=l 

where the Kjj(w) are polynomials in w. 

Proof. The proof is by induction on j. For j = 1, 

4>l,q{ w ) = 2^1,p-l(l0) = -W + 

K7 2 3u> 6 

<fe 9 M = ~(w 2 - l)a 2 + 2<j> 2 , P -i(w) = -(u, 2 - l)a 2 + (-— - 2w 4 - — ). 

Assuming the formulas hold for 1 < fe < j — 2. Then, by definition of the functions 0j,g(A) and 
Z(A) in the proof of Lemma T6. 101 we have that 

s-2 

2t 
9 



' 2 ViH + ks-iM = + w 2s - 2 a 2 q s ~ 2 (ct> qA (w)) + E ^-i,iH« 

t=i 

w 2s a 2s s ~ 1 

+ lisM = 21aa(«0 + E ^ s »<, 

s t=i 

2 s ~ 2 

s t=0 

s-2 



t=o 
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for all s = 1, 2, . . . , j — 1, and where the -D Sjt are polynomials in w. We proceed as in the proof of 
Lemma \6. 121 (see [17] for further details). For the odd index we have: 

2J ~ 2 2j -1-k 

l tj-i( w ) - l 2j-i( w ) =2a q U 2j _ 2 (w) - 2J o„-_i ^(^X^-i-fcH - « 2 j-i-feH) 

fe=i ZJ 



and this gives 



2i " 2 2i-l- fc 



+ 2 j - 1 Wa ^ Uk - l( - W ^ l 2j-l-k( W ) + ^j-l-fcH)) 



fc=l 



' 1 2j - 1 - 2k 



2a q U 2j - 2 (w) - — ^— i — V 2 k{w){l 2j _ 1 _ 2k {w) - Z 2 j-i-2feH) 
fc=i J 

t- i 2 j — 1 — 2k 

fc=l 7 



J * 2j — 2fc 
fe=l J 

2j — 2k 

Z 2 j - 1 WQ g £/2fc - 2 H( ? 2j-2fc( w ) + l 2j-2k( W )) 
fe=l J 

2 



2j - - 

J t=o 



2] ~ 2 27 - 1 - fc 

^-mW - - 2C/ 2r iH + 2V % -_i(to) + Z o--l ( 2J7 feH^-i-fcH) 

fe=l J 



3-1 



fc=i 
i-i 



fe=i 
i-i 



2.7 

Z ^^J- ^ { Wa 1 U2k - 1 ^ l %-l-2k( W ) - l 2j-l-2k( W ))) 



- 2j — 2fc / 

X, 27-1 (^-^^(^i-afcH + ? 2j-2fcH) 
fe=i 

2j — 2k ( 

22 2 j-l ( Wa ? C/2fe - 2 H(^-2fe( W ) - l 2j-2k( W )) 



fc=l 

J- 2 
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For the even index, using the result proved for the odd index, we get 

i 2j — 2k 

l tj( w ) - l^{w) =2a q U 2j - 1 (w) - 22 — 7T- — V 2k (w){l+_ 2k (w) - ^-2feO)) 

k=i ZJ 

fc=l J 

t-i 2j — 2k + 1 

- 27 V ^-l( W )(4j-2k+l( W ) - l 2j-2k+l( W )) 

k=l J 

2j — 2k + 1 

- J2 ^a 9 C / 2fc-2H(^-2fe + l( U ') + l 2j-2k+l( W )) 



k=l J 



3-2 



a 2t 



t=0 



and proceeding as before, this gives the last formula in the thesis. 



□ 



Corollary 6.2. For all j and all < q < p — 2, t/ie Laurent expansion of the functions $2j+i, 9 (s) 
at s = /lets coefficients: for 1 < j < p — 1 

2 J- 1 

Res $2j+i, g (s) = 7p — oft + Vfc 2i +i it af + 2Res *2j+i, P -i(s), Resi $ 2 j+i, q (s) = 0, 

s=0 2j + 1 * f— ' * z=0 s=0 



where the kj_ t are real numbers, and for j = 

Res $i, g (s) = 2Res $i,p_i(s) = 2, Resi $i, 9 (s) = 0. 

s=0 s=0 s=0 



Proof. By Lemma T6. Ill 

23+1 



6y+i,g(A) = a2 j+ i, q , k w 2k+2j+1 , 

k=0 

where w — ^^_ x , and <fi 2 j+i,q{0) — 0, therefore Y^Lq 1 a 2j+i,q,k = 0. Using the formula in equation 
(|10.6|) and the residues for the Gamma function in equation (|10.5[) in the appendix, we obtain 

23+1 

ReSi $ 2 j+l,g(s) = V] 02j+l, g ,fe = 0. 

Using the same formulas in the appendix, but the result of Lemma I6.13( we prove the formula 
for the finite part. The formula for j = follows by explicit knowledge of the coefficients ao,i. □ 

Next, we determine the terms A o o (0) and A' Q 1 (0), defined in equation Q3.6p . 
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Lemma 6.14. For all < q < p - 2, 

CO / 

Ao,o, q (s) = 2A ,oA s ) - A afi , q ,+(s) - A ,o,g ,-(s) = - log I 1 

n=l \ 

A,i, g (s) = 2A . hq (s) - A ,i, g ,+ (s) - A 0A , q ,-(s) = C(2s, E/,). 
Proof. For 5 9 equation (|3.6|) reads 



oft \ m n 



l^q,n I l^q% 



P 



it" 2s 



for 5, 



9,± : 



2 s 



n=l \ j=l 

00 / p 

n=l \ j=l J 

We need the expansions for large A of Z 2 j— 1 (A), Zj ( _ 1 (A), for j = 1, 2, . . . ,p, logr(— A, S q . n //j, qn ) 
and logr(— A, S q ^±^ n /fj, q „). Using classical expansion for Bessel functions and their derivative (see 
[19] or [17] for details), we obtain 



logr(-A,5g,„/ ) u^„) =-log27r+ l/ig,„ + - I logpi 9 ,„ - ^,„log2 

- lo g r(^„ + 1) + i L q , n + log(-A) + 0(e-^"^). 

For S^i, by the same expansions in the definition of the function /, equation (|6.7[) . we obtain 

L ±aq (z) ~ + 6**"^ + 0(e" z ), 

and hence 

logr(-A,5 9i±! „/^g,„) = Mg,nV-A+ ilog27r + I /x g> „ - ^ I logjU g ,„ - ^ <3 ,, i log2 



loglW) + - ( A*,, n - o ) log(-A) + log ( 1 ± -S- ) + 0(e-"« - V - A ). 
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This gives 

1 / 1 

-l0g27T+ I H qtn + - 



ao,a,n, q = -log27r + ( n qtn + - ) log/i g ,„ - n q , n log 2 - logr(/i g ,„ + 1), 



1 / 1 



ao,o,n,q,± = rlog2?r+ I Mg,« - ~ ) log^<?,n - log2 M ^' , r(/i (?! „) + log ( 1 ± 



1 / 1 



ao,i,n,g,± — 2 I ^«>™ — 2 

while the 62^-1,0,0, gj &2j-i,o,o,g,± all vanish since the functions /2j-i(A), ^2j_i(^) °-° no * nave con- 
stant terms. Therefore, 

( a l \ 

2ao,0,n,ij — C0,0,n,g,+ — Gk),0,n,g,- — — log 1 — 



Mg,n 



2<Xo,l,n,g — dO,l,n,g,+ — &0,l,n,g,- — lj 

and the thesis follows. 

Applying Theorem 13.21 and its corollary, we obtain the values of t q (0) and t' {0). 
Proposition 6.4. For < g < p — 2, 

tq(0) =i g ,rog(0) +i,,sing(0) 
^(0)=Ceg(°)+*Ung(0) ! 



□ 



where 



W(0) = -C(0, C/g) = -Cccx (0, + afj , 

*,,sing(0) - 0, 

Ce g (°) = -Ao,o(o)-^; A i(o), 

*g,sing(0) = o yi ReS $ 2i+l, g (s) ReSi C(s,^q) 
2^ s= o g =2j+l 



1 / s 

= -VRes $2 J+ i, g (s) Resi £„«(~,A<« 

Proof. By definition in equations (|6.1[) and (16. 2[) . 

t,(0) =2Z,(0)-Z,,+ (0)-Z,,_(0), 

4(o) =2z;(o)-z; + (o)-z;_(o). 

where Z q (s) = C(s, S q ), and Z 9i ±(s) = £(s, £g,±)- By Proposition ^. 3l and Lemma lB.lOl we can apply 
Theorem 13. 21 and its Corollary to the linear combination above of these double zeta functions. The 
regular part of 2Z q (0) — Z q:+ (Q) — Z q ^(0) is then given in Lemma [6. 141 while the singular part 
vanishes, since, by Corollary 16.21 the residues of the functions $k, q ( s ) at s = vanish. The regular 
part of 2Z' q (0) — Z' q+ (0) — Z' q _(0) again follows by Lemma loTTl For the singular part, since by 
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Proposition 16.31 k = 2, t = 2p, and 07, = h— 1, with < h < 2p, by Remark 16.31 we need only the 
odd values of ft, — 1 = 2^ + 1, < j < p — 1, and this gives the formula stated for s ; ng (0). □ 

7. The analytic torsion, and the proof of Theorem 11.11 



In this section we collect all the results obtained in the previous one in order to produce our 
formulas for the analytic torsion, thus proving Theorem ll.il that follows from Propositions [TTj] and 
17.21 below. By equation (|6.3I) , the torsion is 

logT(CW) = f (0) = ^f- (£(-l) 9+1 r g z g (0) +£(-l)%(0) j 

\?=0 9=0 ) 



/p-1 p-1 \ 

2 E(- 1 ) fl+ v;(o)+E(- 1 ) , * , 9 (°) 

Vg=o <;=o / 



However, it is convenient to split the torsion in regular and singular part, accordingly to remark 
13.11 and the results in Propositions 16.21 and 16.41 First, observe that the functions z q (s) where 
studied in Section 13721 where it is showed that there is no singular contribution to z q (0) and z' q (0). 
So z q (0) — z g , rC g(0), and z' (0) = z' qrcs (0). Therefore, we set 

logT(CW) = logT rcg (dW) +logT sing (dW), 

with 

(7.1) logT rcg (CW) = 4 g (0) =^f- ^(-l) 9+1 r g z,(0) + ]T(-l)%, rcg (0) 

\«=0 9 =0 / 



+ \ fE(-i) 9+1 ^<(o) + E(-i)%, rog (o)) , 

\g=0 g =0 / 

(7.2) logT sing (CW) = 4 ng (0) =^E(- 1 )'W(°) + 5B- 1 )'U(°)' 



9=0 9=0 



Lemma 7.1. For all < q < p — 1 , 

**(0) = -5, 

4(0)=log2 + log(p-g). 
Proof. This follows by equation (|3.2p . □ 
Lemma 7.2. 

W(0) = -Cccx(0, A('»), < q < p - 2, 

W°) = -Cx(0,A (9) ), 0< O <p-2, 

tp-l,rcg(0) = -iCcc X (0,A(f- 1 )), 

i;-i, reg (0) = -5Ce X (0,A^- 1 )). 
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Proof. The first and the third formulas follows by Propositions 16.21 and 16.41 and the fact that for 
the zeta function associated to any sequence S, and any number b, ((0, S + b) = £(0, S). For the 
derivatives, when < q < p — 2, by Proposition I6.4[ 



By Lemma \6. 141 



4reg(0) = - A),0, 9 (0) - A, 1,,(0). 



•A),0,q( S ) = ~£ lo S I 1 
n=l \ 

•4>,i» = C(2«, */,) = £ 



a - I \ ^1i n J ^q,n 



%=1 Vq,n 



Recalling that [iq >n — ■J A 9i „ + a q , and expanding the binomial, we obtain 



2 \ oo 



A I \ M I \ \ ^ , I -, 1 '"-cox, q,ri ,n ccx, q,n , 2 

n=l \ ^3> n / ^1' n n=l ^1' n 



v ceyi,q,n 



q ' n U 2s 
n=l ^ 

OO OO 



n=l j=0 A 9>™ 

oo , s 

3=0 VJ ^ 

that gives the second formula. Eventually, the result for t' p _ 1 rog (0) follows by Proposition 16.21 and 
the fact that a p _ 1 = since the dimension is m — 2p — 1 . □ 

Proposition 7.1. 

1 



logT Icg (dW) =~ £(-l)% log I - \ £(-l)% log(p -q) + \ logT(W, 9 ) 

q=0 q=0 

^E(-l) 9 Ccc 1 (0,AW) + i(-ir 1 Ccci(0,A^- 1 ))^ log/ 

i £(-l)% log I - I £(-!)% Iog(p - g) + J log T(W, fy), 
w/iere r 9 = rkft g (dCiW; Q) 



2^ v ' ' °2 2 

9=0 <j=0 
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Proof. Substitution in the formula in equation (|7.1[) of the values given in Lemmas 1 7 . 1 1 and 1 7 . 2 1 gives 

p— l . p— l 



logT rcg (CW) =\ £(-l)% log l - - \ log(p - q) 

q=0 q=0 

- ^EVl) 9 Ccc 1 (0,AW) + i(-l)^ 1 Ccc 1 (0,A^ 1 ))^ log/ 

+ 3 ^£(-i) 9+1 C cl (o,AW) + (-1)^(0, Afr- 1 ^ . 



By the second formula in equation (|2.1ip 

~ ^£(-l)«+ 1 C cl (0,AW) + (-irC c i(0 ! A^- 1 ))^ = ilogT(W, 5 ), 

and this gives the first formula stated. For the second formula, note that the boundary of the cone 
dCiW is the manifold W with metric l 2 g. The restriction of the Laplace operator on the boundary 
is then Agc,w — w- Since for the zeta function associated to any sequence S, and any number a, 

C'(0,aS) = -C(0,S)lo ga + C'(0,S), 

a simple calculation shows that 

- (E(-l) 9 Ccei(0,AW) + I(-i)p-i Ccc i(0, A^J log/ 2 

\ ^E(-i) 9+1 C^(o, AW) + (-i)^(o, A^-^JJ 



2 

=t(0,W01og/ 2 + t'(0,W) = logT(dCW) 



Proposition 7.2. 

p— l p— 1 



□ 



a 2 . 



gT sing (CW) =i^(-l) 9 ^Res $2 J+ i(s) Resi Cccx 

1 q= ]=Q s=0 *=3+h V 

= ^E(- 1 ) 9 E Res «^+i( S )E(- 1 )' Re Sl C( S ,A« 

Z ,=0 j=0 S=0 1=0 s =J + 5 V 

9 =0 j=0k=0 S ° \ 3 / s-j+± 

=rEEE Res o^(«)fe fc ) EM)' R*x C (-, A«) a 2 ^ 
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Proof. The first formula follows by substitution in equation (j7.2[) of the values given in Propositions 
6.21 and l6.4[ and observing that, for the zeta function associated to any sequence S 

aResi C( as , S) — Resi £(s, S). 

s—sq s—asg 



The second by duality, see Section 12.51 

( ccl (s, AW) = C (s, Aw) - ( cl (s, AW) = C (s, AW) - (s, AW-D) = £(-i)« +fc C (*, AW) 



fc=0 



The third formula follows by Lemmas 16.21 and 16. 81 and some combinatorics, and the last by the 
previous ones. □ 



8. The proof of Theorem 11.21 

On order to prove Theorem 11.21 we calculate the regular and the singular parts of the torsion in 
the case W = S™ n a , according to Propositions 17.11 and 17.21 Recall we are considering the absolute 
BC case. The result for the regular part follows easily, the one for the singular part requires more 
works, that will be developed in the following subsections. Here we recall the underlying geometric 
setting. Let SJ? be the sphere of radius b > in R m+1 , = {x e R m+1 | |x| = b} (we simply 
write S m for ). Let QS^ na denotes the cone of angle a over S£ aa in R m + 2 . We embed QS^a 
in R m+2 as the subset of the segments joining the origin to the sphere Sf^ ina x {(0, . . . , 0, 1 cos a)}. 
We parametrize the cone by 



/ •< Qm 



x\ = r sin a sin ( 



sint 



.i • • • sm t>3 sm 02 cos t>i 



X2 = T sm a sm v m sm TO _ i • • ■ sm 03 sm O2 sm U\ 

X3 = r sin a sin 9 m sin Q m - 1 • • ■ sin $3 c °s #2 

%m+i = r sin a cos m 

k x-m+2 = rcosa 



with r € [0,1], 6\ £ [0, 27r], O2, ■ ■ ■ ,0 m G [0,7r], and where a is a hxed positive real number and 
< a = i = sin a < 1. The induced metric is (r > 0) 

g E = dr®dr + r 2 gs™ 



' m— 1 / m 



dr®dr + r 2 a 2 V] JT si n 2 #j ^ ® ^ + ^6> m ® > 

t=l \?"=i+l 



and Vpet^sl = (r sina) m (sin0 m ) m - 1 (sin0 m _i) m - 2 • • • (sin6> 3 ) 2 (sin6» 2 ). 

8.1. The regular part of the torsion. 
Proposition 8.1. 
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Proof. By Proposition l7.il when W = with the standard Euclidean metric gE, 

logT^QS^) = - ^OgP+ ^logT^" 1 ,^). 

By [53], T{Sll~^,l 2 gE) — Vol(5j 2 ^^, <?_e), and this proves the proposition since, if W has metric 
g and dimension m, then 

r r l r im+i 
V6l(CiW)= / ^&et{x 2 g)dx Advol g = / x m / d«of fl = Vol(W,ff), 



dw v "Jo Jw 9 m + 1 



and 

voi(sr,<?s) 



6" 



□ 



8.2. The conjecture for the singular part. Assuming that the formula for the anomaly bound- 
ary term A BMtllhs (dW) of Briining and Ma [3J is valid in the case of CiS a ^~ a , we computed in [TH] 
(note the slight different notation), by applying the definition given equation (|2.15[) of in Section 
that 

2 P-3 * fj\ (-l)h v -2(i,-j+h)+l (2p-l)\ 



■ , ,,_ vV (2(p-j + ft)-l) 4P(p-l)!' 

where ^ = sin a. Our purpose now is to prove that (this was proved in [18) for m < 4) 

(8-1) log = Abm , abs (^Q Sshxa ) 

where logT s i ng (C/S'^ 1 ~ 1 ) is given in Proposition 17.21 For it is convenient to rewrite the second term 
as follows: 

, {3C 9 2 P -n _ ^ V-i ' fj\ (2p-l)I 

2^ +1 P ^ /p - 1 - A (-i)h v -W+i+h)+i (2p - 1)! 



£(p-l-j)!(2j + l)!! ^ Q \ h J 2(j + l + h)-l iP(p-l) 
(2p-l)!^ 1 A (_l)fc-i2J'+ 1 fp-l-j 



4P(p - 1)! (2k + \)v 2k+1 4^L (p - 1 - j)!(2j + 1)!! V fc - 3 

k — j — 

(2p-l)!vi 1 A (-1)^2J' +1 1 



iZiV - V 

iP( P - 1)! £^ (p - 1 - fc)!(2* + 1) t-' (A - j)!(2j + 1)!! v 2k + l ' 
— o j — o 

8.3. The eigenvalues of the Laplacian over CiS™ na . Let A be the self adjoint extension of 
the formal Laplace operator on CiS™ na as defined in section l4~3l Then, the positive part of the 
spectrum of A (with absolute BC) is given in Lemma 14. 31 once we know the eigenvalues of the 
restriction of the Laplacian on the section and their coexact multiplicity, according to Lemma 
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These information are available by work of Ikeda and Taniguchi [5D] . The eigenvalues of the 
Laplacian on g-forms on S^f^ are 

A .„ = v 2 n(n + 2p— 2), 

Xq,n = v 2 {n + q)(n + 2p - g - 2), l<q<p-2, 

\p-2,n = V 2 {{n-l+p) 2 -1), 

A p -i,„ = v 2 [n - 1 +p) 2 , 
with coexact multiplicty 



^ccx,0,n 



(2p - 2) 



f[(n-l+j){2p + n-l-j), 



j=2 



c ccx,q,n , 



q\(2p-q-2)\ ^ 

r> P 



i[ (n - 1 + i)(2p + n - 1 - j), l<q< P ~2, 



^ccx,p— 2,71 



^cex,p— l,n 



(p-2)!p! 1 = 1 



JJ (n-l+i)(2p + n-l-i), 



^_JJ(n-l+j)(2p + n-l 



-i-i), 



thus the indices /i 9in are 



f Mo.n = v/i/ 2 (n(n + 2p-2)) + (p-l) 2 



/ti g ,„ = s Jv 2 {n + q){n + 2p - q - 2) + a 2 q} l<q<p-2, 

V P -2,n = y/v 2 ((n-l+p) 2 -l) + l, 
, M P -i,n = v{n- 1 + p). 

8.4. Some combinatorics. We introduce some notation. Let 

denotes the sequence of the eigenvalues of the coexact g-forms of the Laplace operator over the 
sphere of dimension 2p—l and radius 1. Let a\, . . . , a m be a finite sequence of real numbers. Then, 

m m 

JJ(z + o,-) = y^e m _j(ai, . . . ,a m )x 3 
where the e%, . . . , e m are elementary symmetric polynomials in ai, . . . , a m . Let define the numbers: 

d) ■■= Ci-?-i)(2p-g-i-i), 

for g = 0, . . . ,p — 1, j 7^ g + 1, and 

d q := (dj, d^i • • • j ^g+ii • • • j dp), 
where, as usual, the hat means the underling term is delated. 
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Lemma 8.1. The sequence U p -\ is a totally regular sequence of spectral type with infinite order, 
exponent and genus: e(U p —i) = g(U p -i) = 2p — 1, and 



,- s p- 1 



C(s,f/ p -i) = >l V _ 1V 2 Y. e v-x-i^- X )U{s - 2j). 

Proof. The first part of the statement follows from Lemma 16.21 In order to prove the formula, note 
that C(s, Up-i) = v~ s ( (§, C/p_i ! 52p-i), where 



/. ( s TT \ ^cex,p— l.n 



oo 

m, 



cex,p— l,7i 



' \ 2 ^-^ (n + p — l) s 

Shifting nton-p+l, and observing that the numbers 1, . . . ,p — 1 are roots of the polynomial 

p- 



Ysj=o e p-i-j(d p 1 )^ 2j , we obtain 



oo „ _, oo TTP -1 „2 -\2 

Afc 77 ^_„- S \" m ccx, P -l,n-p+l _ 2^ ^ ll J = 1 n - (p- J) 

n— p v ' n—p 

2v-° p -' 



□ 



Note that, using the formula of the lemma, £(s, U p -\) has an expansion near s = 2/c + 1, with 
k = 0, 1, . . . ,p — 1, of the following type: 

2 1 

C( s ' U v-i) = U 2k+i {p _ fj]2 ep-i-fc^' 1 ) - _ 2fc _ 1 + £ P -i,2fc+i(«), 

where the L p —i,2k+i{s) are regular function for k = 0, 1, . . . , p — 1. 

Corollary 8.1. TTie function £(s, E/p_i) /ias simple poles at s = 2k + 1, /or fc = 0, 1, . . . 1, with 
residues 

2 

Res! C(a,t/ p -i)= 2fc+1 , — ^ep-i-fc^ 1 ). 

Lemma 8.2. TTie sequence U q is a totally regular sequence of spectral type with infinite order, 
exponent and genus: e{U q ) = g(U q ) = 2p — 1, and (where i — y/—l) 

H tt\ 2v ~* ^M\^ fs + 2t-2j . \af 

C(S ' ^ = q\{2p - q - 2)! g I t J g 



J=0 



T/ie function Q(s, U q ) has simple poles at s = 2(p — fc) — 1, wii/i = 0, 1, 2, . . 



Proof. The first statement follows by Lemma 16.81 For the second one, consider the sequence H qt h 

{m C cx, q ,n ■ yf^q^n^P- 1 + h }^ =V Tnen C( s > U q) = V ~%( S , H a 2 ), and 



oo 



o2 
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Next observe that the zeta function associated to the sequence H qi o is 



c(2.,n,,o) = comw-o = E = E 



Ttlq^— p+1 



1 ^g.n.S 2 ?- 1 n=p ^g.n-p+l.S 2 *- 1 

OO 11 J= 

E 



rrw, (" 2 -b-j) 2 ) 



9 !(2p-g-2)!^ (« 2 -«2) 

Recall that = d-?, and note that 
p—i p—i p p 

Eep-i-i(^)(« 2 -a 2 r =E e P-i-i( d9 )(" 2 -^) i= II (« a -^ + ^)= II (" 2 - (i> - i) 2 ), 

3=0 3=0 3 = 1, j=h 

and that the numbers n — 1,2, ... , —a q are roots of this polynomial. Therefore, we can write 

C(2s, H q , ) = q[{2p - - - 2) , E ep-i-J (^) U* ~ J. - E (n 2 -^)" s+ M 

2 ^ 
= g!(2p-g-2)! ^ " J ' ^ 

and 

1 

s( a -j,ia g ) = ^ — — — . 

n=l 1 9' 

Expanding the binomial, as in [36], Section 2, z(s, a) = X^feLo (^ S ) a2 ' C C-R(2s + 2fc), and hence 
z(s, a) has simple poles at s = -z — k, k = 0, 1, 2, . . . . Since 

2 

C(2s,# 9 ,o) = g l(2p- g - 2)1 E^-J'W'-j.^). 

C(2s, i? g ,o) has simple poles at s = A + p — 1 — fc, fc = 0, 1, 2, ... , ((s, H q0 ) has simple poles at 
s = 2(p — k) — 1, fc = 0, 1, 2, . . ., and this completes the proof. □ 

Corollary 8.2. The function £(s, U q ) has simple poles at s = 2k + 1, /or fe = 0, 1, . . . ,p — 1, with 
residues 



Re Sl (( s ,U q ) = — E — , 2 E e P -i-^ d9 ) V , , 

s =2fc+i g!(2p-g-2)! ^ ^' V * / f^_ t \j - k - 1 

Proof. Since the value of the residue of the Riemann zeta function at s = 1 is 1, 

-l+j + k\ a^+ 2k 



2 ] a 2(3-k) 



Resi z(s — j, a) = Resi z(s,a)= ^ ; 

for k = 0, 1, 2, Considering C(2s, H q $), we have, for fc = 0, 1, . . . ,p — 1, 

9 t-l /-L + -j - k\ a 2: >- 2k 



ANALYTIC TORSION OF CONES 



53 



and the thesis follows. 

□ 

The result contained in the next lemma follows by geometric reasons. However, we present here 
a purely combinatoric proof. 

Lemma 8.3. For all < q < p - 1, C(0, U^p-x) = 
Proof. Consider the function 



Ci,c(s) = (r ,( n4 _o+\\s-c = E 



^ (n(n + 2t)) s - c ^ (n 2 -t 2 ) s ~ c ' 

n=l K v ' n=t+l y ' 

Since 

- c < tt ) = E f „2_^-c = E V C (-1)^ 2J C«(2 S + 2, - 2c), 

n=l * ' j=0 \ J / 

we have when s = 0, that z(—c,it) = (— 1) c ^ 2c Cr(0) = (— l) c+1 ^2-, and hence 

* 1 

Ct,c(«) = Z(S - C, it) - ^ ( Tt 2_ f 2) fl -c ' 

and for c = and s = Ct.o(0) = —\ — t. Next, consider c > 0, then: 



/2c 



t-1 



c t , c (o) = (-i) c+1 V-E(" 2 - i2 ) e 



2 , , 



For g = 0, . . . , p — 1, we have 



c( S ,c/ 9 , S2P -o = EiP £M ^ = E 



i A g> „, S 2 P -i ^ ((n + g)(n + 2p - g - 2)) s 



OO 

111 



E 



ccx,q,n— g 



(n(n - 2a„)) 5 



Recalling the relation given in Section 

r 

^cex^n — g 



2 


q\{2p - q 


-2)\ 


2 




q\{2p - q 


-2)! 


2 





Y[ {n-q-l+j)(n + 2p-q-l-j) 



Y[ n{n - 2a q ) + 



3=1, 

p-1 

9 !(2p- (Z -2)!E e P 
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Thus 



C(s '^- l)= g !(2 P -,-2)! 



g^ lW (^ W -S (n(n-^ ) 



p-i 



where 

p-i 



(n(n + 2p-2q-2)) s -3 



for 1 < n < q, by result of [12]. For s = 0, we obtain 

2 P ^ 

C(o,^ s2P - 1 )^ g , (2p _ g _ 2) , E e ^-i(^K-^. J (o) 



3=0 

/ 'e p _ 1 (d»)f-i-((p- 9 -2) + l) 



g !(2p-g-2)l V ' V y V 2 



p-i / 

j=l \ n=l 



g!(2p- 9 -2)! 



(-ep-iO* 9 ) 



p-l / 



j=0 V n=l , 



q\(2p-q-2)\ 



^ 1)t , +1 g!(2p-g-2)! 



p-1 / 2 j P-9-2 

3=0 V n=l / 

To conclude the proof, note that the second term vanishes. For first, as showed in the proof of 
Lemma the numbers n = 1,2,..., — a q are roots of the polynomial Y^jZo e p-j-i(d q )(n 2 — ctq)-* , 
and second: 

p—i p— l p p 

^-i-xid^i-iya^ =^v-j-x{d q ){-diy = II {-dl + d]) = - [1 (p-i) 2 = 0. 



3=0 3=0 i=l, 3=1, 



□ 
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8.5. The proof of the conjecture. We need some notation. Set 

F(q,k) =Res $ 2 fc+i, g (s), l<fc<p-l, 

s=0 

for < g < p - 1, F(<?, 0) = 2 for < q < p - 2, and F(p -1,0) = 1. Then, by Corollary H£l the 
residues of ((s, U q ), for < q < p — 2, are 

p— l— & 



1 1 

Resi C(«,tf,) = -ajE+r E T^t £> («' M) ' 

S =2fc+1 ^ t=Q ^ 

for fc = 0, . . . ,p — 1, and when q = p — 1: 



Re Sl C(s,U p - 1 ) = ^- I D(p-l,k,0), 

s=2k+l v th,+l 

with k = 0, . . . ,p— 1. Now, for < q < p — 1, it is easy to see that 



Res $ 2fc +i. g (s) Re Sl ((s, U q ) = V -L-Dfo M) 

s=0 s=2fc+l ^— / j,^ 

and hence 



1 p 1 1 p_1 _F( k) p ~ 1 ~ k i 

*Ung(°)= oE Res o^+i, g (s) Re Sl <;( S: U q ) = -J2^Tr E ^i D ^ k ^- 

1 fc=0 5=0 s=2fc+1 ^ fc=0 ^ t=0 V 

On the other side, set: 

p— l k 



where 



V" 

k=0 j=0 



N .( V k ) = ( 2 P-!) ! 1 (-1)^2^1 

; 4P(p - 1)! (p - 1 - fc)!(2fc + 1) (fc-j)!(2j + l)!!' 

Lemma 8.4. 5 X)q=o( — 1) 9 *9 sing(0) * s arl odd polynomial in A. 
Proof. This follows by rearrangement of the finite sum: 



5 E(-i)%, si n g (o) = J j>i)« E *) *E ^hi^(9. *, 

g=0 g=0 fc=0 t=0 

p-1 p-1 



J E ^TT E(-!) ? E F (?> 3) D & 3, k J) 

k=0 q=0 j=0 

zE to EB-w* i: * - j). 



4 ^ J/' 

fc=0 3=0 q=0 



□ 
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Then, set: 

9=0 fe=0 j=0 

where 

p-i 

Mjip, k) = J2(-l) g H<l,j)D(q, J, k - j) 

This shows that all we need to prove to prove the conjecture is the identity: Mj(p, k) — Nj(p, k). 
This is in the next two lemmas. Before, we need some further notation and combinatorics. First, 
recall that if 

f h (x) = e h (x 2 - (p - l) 2 , x 2 - (p - 2) 2 , . . . , x 2 - l 2 , x 2 ) , 
then fh(oi q ) — eh(d q ), and fh(x), for /i > 1, is a polynomial of the following type: 

(8.2) h(x)= £ (x 2 -i 1 2 )(o: 2 - J 1)...(x 2 -^)=Q^ + X: c ^. 

Second, we have the following four identities. The first three can be found in [15], 0.151.4, 0.154.5 
and 0.154.6, but see [21] for a proof. The fourth is in [IB] , equation (5.3). 

(8 3) £ (zll! f 2 ^ _(-!)" f 2n -\\ _ f 2n 



(2n)! V k J (2n)! \ 71 / 2 ( 2 ™) ! 
(8.4) + =(-l)»n! 



fc=0 

N 



(8.5) E(- 1 ) n (^)( a + fc ) n ~ 1=0 ' 



(8-6) E 



n + 1\ /n + l^ (2n + l)!! 



l + lj\l-kj \n-kj 2"- fc (n- fc)!(2fc + 1)!! 



;=o 

with 1 < n < N and a e R. 

Lemma 8.5. For < fe < p — 1, we have that Mq(p, k) — No(p, k). 
Proof. Since j ' = 0, 



7V ( p ,fc) 



9=0 v 1 v y 7 v 7 Z=fc 

(2p-l)! 1 (-l) fc 

"22p-i(p- 1)! (p- 1- jfc)!(2fe + l) fc! 
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Consider first k ^ 0. Then, 



««.*) =(7) b-^^ ( 2p ; 2 ) x>-(°,« (,:\) 

K7)g<-^rr)gc^->?- 2 -?G:i) 

^§<-^(V)^gO-U(rA) 
+ gs'^'^7)(r-\)B-)^r;>^- 



Using the identity in equation (|8.5p . the second term in the last line vanishes since 2s+2/ < 2p— 2. 
Thus, 



M (p,fc) 



1 \ p-1 



k 

1 /- 



EC" 1 ) 5 



2\ 



1 



9=0 
1\ P-1 

E 



(2j»-2)! 



2p- 2 
9 



V 2P"2 



E 

z=fe 



p-i-zyU-fe 



p - 1 - l J \l - fcy 

(fc + l)!(2p-l)!!2 fc+1 



2 \ k ) \k + lj pi (2fc+l)!! 2? 
(-l) fc 1 (2p-l)\ 1 
kl (p-k-l)l (2k + 1) 2 2 P" 1 (p-l)! 



= N (p,k). 



o8 
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Next, consider k = 0. Then, 

M„(p,0) =g(-l)« 5 -l^( 2 "- 2 ) g (7) + i 



1 />-2\ „_! 1 



EC- 1 ) 5 



(2p 


-2)!\ 


1-1 


/2p- 


2)! 


\p- 




1 ( 


(2p 


-2)! \ 




1 / 



P -i-i/ a « v 1 

(-l)^(p-l)!(p-l)! 2 

" ' 1 /o„ o\ P- 1 / „ \ /I 



2p-2 / 2 ) + I _ I 

p- 1-17 9 w y 2 2 



1 ' '\ 2p - 2 ^r p V-i 



^ J (2 P -2)! v g ; 9 2^Vi>-i-z;v * 



P" 1 / „ \ / 1 



2 VP — 1 



2 



1 (2p- 1)!! 2p- 1 /2p-2 



2^\p-l-l)\ I J 2p (p-1)! 2 2 p-! Vp-1 



□ 



Lemma 8.6. For 1 < j < p — 1, we have that Mj(j>, k) — Nj(p, k). 
Proof. Note that j < k, and hence l<j<k<p — 1. Recall that 

2 

= 77- -T"? + 1" ^j+i.taf + 2 Res * 2 j+i, P -i(s), 

by Corollarv l6.2l Set fej+i.o = 2Resoz = o ^2j+i,p-i(s). We split the proof in three cases. First, for 
j = k < p — 1 , we have 
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+ E <=«+■>< Et- 1 )' ( ~ ) E E 

t=0 g =0 v 1 * v y 7 i=j s=0 v • // 

= _J_y i ( _ 1) «_JL_^- 2 Way ; f * 

( 2 j + 1 )^o ( 2 p- 2 ) ! v ? y 9 ftvp-i-^v-i/ 

1 ( P 1 1 (2p-l)!!2J+ 1 

2(2j + 1) ^ vj> - 1 - V - 3 J 2(2j + 1) (p - 1 - j)! (2j + 1)!! 2" 

1 (2p-l)! g , 

(2j + l)(p - 1 - j)\ (2j + 1)!! 22p-i (p - 1)! JJ ' 
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where the first three terms in the first equation vanish because s + I < p — 1 and t — j < — 1 . The 
second case is j = k = p — 1. Then, 



£j l ' (2p-l)(2p-2)l^ , J 

P-2 P-2 _2t / 

Y^ fc 2 j + i, t t ctp-i /2p-2\ 

2 1 j 2(2p-2)!U-iy 

1 1 

= 272p^ + ^ +1 -°5 ( - 1)9 2T2^2) 

-^^- i ) p " i 2 (^( 2 ri 2 ) 



kzj+ifi ! 1 /2p-2 

2 1 ; 2(2p-2)!Vp-l 

1 + fe J+ i,o (-I)"" 1 fey + i,o 



2(2p - 1) 
The last case is 1 < j < k. Then, 



2(2p-l) 2 (p-l)!(p-l)! 2 (p-l)!(p-l)! 
JV p _i(p,p-l). 



fc) - S ( - 1)9 ^l ( 2 7 2 ) fcV g ^<** G -I) ■ 

U-JV^ 1 J (2j + l)(2p-2)! v g ) ^ U - 1 - l) * " \l - k) 

/ 1 \ P-! -, /O 9\ P~2p-2-i / 1 \ 

KV-7)5<- 1, 's7TWr«f( ; )S 5 ^G-O 

+ (7-7) S S'- 1 ^ (*,~ 2 ) g C - 1 - ,>?- 2+2 " J Gl) 

J 7 t=0 g=0 v y ' v y 7 i=fc s=0 v 7 
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•MyW - ( 2p -%^y( p )(-^ 

(2j + i)(2 P -2y\ q J " 2L,\p-i-i)\!-k y 



k-j J 2(2j + l)£,\p-i-t)\l-k 

-| -A 1 (2p-l)!! 

fc - j ) 2(2j + 1) (p - 1 - fc)!(2jfe + l)!!2P- fc -! 
(-l) fe -J 2 J * (2fc- 1)!! 1 (2p-l)!! 
" (fc - j)! 2 1 (2j - 1)!! 2(2j + 1) (p - 1 - fc)!(2/c + l)!!2P- fc - 1 
(-l) fe -J 2^ 1 (2p-lV 



(ft - j)\ 2 2 p- 1 ( p - 1)! (2j + 1)!! (p - 1 - fc)!(2fc + 1) 



iV>,fc). 



□ 



9. The proof of Theorem 11.31 low dimensional cases 



We prove the two cases m = 2p — 1 = 3, and m = 2p — 1 = 5 independently, in the following 
two subsections. In the last subsection we give some remarks on the general case. Even if the 
proofs of the two cases m = 3 and m = 5 follow the same line, we prefer to give details separately, 
for two reasons: first, in order to improve readability, and second to avoid a problem that will be 
made clear in Section 19751 below. In each case the proof is in two parts: in the first we compute the 
anomaly boundary term, as defined in Section 14.21 in the second we compute the singular term in 
the analytic torsion, using Proposition 17.21 

9.1. Case m = 3. 

9.1.1. Part 1. Since m = 3, the unique terms that give non trivial contribution in the Berezin 
integral appearing in equation (|2.14[) are those homogeneous of degree 3. By definition 

e"^-« 2 s? = i _ lii _ u a 5 2 + _ ; 
(recall that = f2, see Section [472]) and therefore the terms of degree 3 in 

are 

2 u 2 Sf--=hs 1 . 



Applying the definition in equation (|2.14l) . this gives 

,1 r B 



fe=l V 2 



(9-1) =1/ / f_ * 2<s s_ 1 ft s \ du 



2 Jo J V 3^ 



1 ' fl 



fi5 i - / 5 r 



2^7 V? 



?3 



(>2 
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By equation (|4.7I) 
(9.2) 



S* = 



= -dvolg A e* A 62 A 63. 



This follows by direct calculation. For example 

2 



(9.3) 



while 



Thus, 



si 



*\2 



-(61 Ae{+b* 2 Ae* 2 + b* 3 Ae* 3 ) 

-{b\ A e* A b* 2 A <=2 H h &a A ^2 A b l A e* + • ■ • ) 

~{-b\ Ab* 2 f\e\M* 2 + b* 2 A b\ A e* 2 A ej + . . . ) 

~(-2&J Ab* 2 AelAe* 2 + ...) 



■5 E b .* A6 * 



A e* A e fc , 



3<k=l 



{b\ A b* A e\ A e* 2 ) A {b* 3 A e%) = b\ A b* A b* 3 A e* A e* 2 A e%. 

f B s 3 

/ S x = —^dvolg. 

J 4-7T2 



By equations (|4"7T|) and pTT3]l . 



,W=i 



\k=l 



Direct calculations give 

iiSi = 



and hence 



(^23 A 6* - fii 3 A b* 2 + Q 12 A b* 3 ) A e{ A e* 2 A e* 3 

(#2332 + #1331 + fll22l)e* A <§2 A i* 3 



fe 1 A e 2 A e 3 , 



B 2 1 3 

fi<5i = — 3- Rkiikdvolg 
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Substitution in equation (|9.ip gives 



i r B ~„ 1 " B 



dvolg. 



By the formula in equation (|2.15l) . the anomaly boundary term is 

^BM,abs(<9CW) = — — r / fdvolg - — — x [ 

9.1.2. Part 2. By Proposition [7^1 with p = 2, 

1 1 1 

logT si n g (CW) =- V(-l)« VRes $ 2j+1 . 9 ( S ) Re Sl Ccc X (s,A ( «) 

Since p = 2, ao = — 1 and ai = 0. Since there are no exact 0-forms 

C ccx ( S ,A(°)+a 2 )=c( S ,A( )+a 2 ). 



By Lemma f6T8l 

ftesi C U A<°> + a§) = Resi C («, A (0) ) , 

Resi C (s, A (0) + afj = Resi C (a, A (0) ) - i Resi C (s, A (0) 



By duality (see Section [ 

Cccx( S , A«) = C(s, A«) - Cex( S , A«) = C(s, A«) - Ccc X ( S , A<°»), 

and also 

ResiC(s,AW) = -3ResiC(s, 
Resi C(s, A (1) ) = 3 Resi C(s, A (0) ). 



Putting all together, we obtain 

log T sing (C, WO = i f Res $i. (s) + Res $i,i(s) + 3Res $i,i(s) ) Resi £(«, A (0) ) 

2 V s=0 s=0 s=0 / s =i 

+ J ( Res $ 3 ,!(s) + Res $ 3 ,o(s) - J Res $i, (s) - 3 Res $ 3 ,i(») J Resi C(s, & (0) ). 

2 V s=0 s=0 2 s= s=0 / s= 3 



By Corollaries 16. II (when g = 1), and 16.21 (when q = 0) 

2 

Res $i,i(s) = 1, Res $ 3 .i(s) = — , 

s=0 s=0 315 

214 

Res $i,o(s) = 2, Res $ 3 ,o(s) = — . 

s=0 s=0 olO 
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This gives 

logT sinK (CiW) = 3Res! ((s, A (0) ) - ^ Res x ((s, A (0) ), 
and by Propositions 13.11 and 13.31 

log T sing (C; VF) = — [ fdvol g - — l — I dvol, 
16tt 2 J dClW 24tt 2 J dClW 

9.2. Case m = 5. 



9.2.1. Fart J. Since m = 5, the unique terms that gives non trivial contribution in the Berezin 
integral appearing in equation (|2.14j) are those homogeneous of degree 5. After some calculation, 
the terms of degree 3 in 

e -irWs? y _J_ u k-i S k 

are 

5y/TT 3y/TT Ay/lT 

Integration in u, as in equation (|2.14[) gives 

(9.4) B ^-^j\h S " + l u2hS " + \^ 

We calculate the three terms appearing in the integrand. 
Proceeding as for equations (|9.3p . starting from equation (|4.7p . we obtain 



3<k=l 

and 



1 5 

5 i 2 = -2 E b* Abl Ae* A e£. , 



St = (SffS, = -1 ( -i £ &*A&£Ae*Ae£] ^^e^ 



j<k=l I k=l 



5 

-dvolg A i'l A e* 2 A A A e£, 



and recalling the definition in (|2.13j) of £7 

3 



QSf = ^ I ^ f2 w A e* k A e,* I A dvol g A A e| A A e% A e 



5 



, fcj=l 



3 

-f A aW g A e* A <=2 A A e\ A e* 5 . 



The last term is 



2 

3 \ / 5 
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This term requires some noisy explicit calculations, that we omit here. The result is 
n 2 S! = ™ (4\R\ 2 - 16|ffic| 2 + 4f 2 ) dvol g A ej A e| A eg A e* 4 A e* 5 



8' 1 2 
Substitution in equation (|9.4p gives 



1 |-R| 2 + ^ |ffic| 2 - if 2 1 dvolg A ej A A A e* 4 A e* 5 . 



B(Vi) 



Sdvolg fdvolg \R\ 2 dvol g \Ric\ 2 dvol g f 2 dvol g 



40tt 3 48tt 3 64tt 3 16tt 3 64tt 3 

By the formula in equation (|2.15p . the anomaly boundary term is 



A^mW) = JL J^dvolg - |^ ^ + _L_ |^ 



32tt 3 

9.2.2. Part 2. By Proposition W3\ with p = 3, 

2 2 



logT sing (CW) =~ VReso$2,+i, 9 (s) Resi C«x (*,£<«>+ a 

Since p = 3, ao = —2, cti = —1, and a 2 — 0. By duality (see Section [2~5)l 
Ccox( S ,A(°)) = C(s,A( )), 

Cccx(s, A« = C(s, A«) - Cc X (s, A«) = C(«, AW) - Cc CX (s, A<°>), 
Cccx(s, A( 2 >) = C(s, A( 2 )) - Ccx(s, A( 2 )) = C(s, A^) - Cccx(s, A«) 

= C( s ,a( 2 ))-c( s ,aW) + c(^a(°)). 

By Lemma [6781 with g = and 1, 

Resi C (s, A<«> + afj = Resi C (a, A (<?) 



Resi C (s, + a 2 ) = Resi C (», A ( « } ) - - Resi C («, A< 5 '' 
Resi C (a, A(«) + a 2 ) = Resi C (s, A ( «>) - 1 Re Sl C (s, A^) + | Resi f (s, A^j . 
By Proposition 13. II 

- 2 / \Ric\ 2 dvol g + 2 \R\ 2 dvol 

JdCiW JdCiW 



Re Sl C(s,A (0) ) = 

»=i 


eo,4 


- 1 (5 




r(i/2) 


2 5 3 2 5tt 3 V 


I f 

JdCiW 


ResiC(s,A (0) ) = 

»=i 


eo : 2 


= 1 / 


fdvolg, 


T(3/2) 


96tt 3 J dClW 


Re Sl C(s,A (0) ) = 


eo,o 


- 1 / 


dvolg] 


r(5/2) 


24tt 3 J dClW 



(Hi 
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ResiC(s,A^) 



ei,4 
r(l/2) 

1 

2 5 3 2 5tt 3 



35/ f 2 dvol g + 170 \Ric\ 2 dvol g -20/ |E| 2 dwoZ ff ) 

JaCiW JdCiW JdCiW J 



t'i A<1>) - #) - -55? /„„ f <"° " - «5 « 8 ' Am »- 
Hf? «*■ A<1,) -1^5-55? L w = 5 S «'■ A< ° ,); 



ResiC(s,A (2) ) = 



e2,4 



r(i/2) 

2F~3 ( 50 / f 2 dvol g - 200 I \Ric\ 2 dvol g + 110 \R\ 2 dvol g , . 

5 71 " V JaciW JaciW Jdc t w 



2 5 3 2 5tt 3 

Re Sl C( S ,A( 2 >H-^=--^ / fd«oZ a = -8ResiC(»,AW), 
s=| 1 ( 3 / 2 ) 967r iacw 8=| 

ResK^A^) = -g^- =-Hj / d™Z s = 10Re Sl C( S ,A(°)). 
s=| r (5/2) 247r J J aC[W s= 5 

Summing up, after some calculations, we obtain 

logT sing (CW) 

=- ( Res $i,o(s) + Res $i,i(s) + Res $i, 2 (s) j Resi f (s, A (0) ) 

2 V S = ° S = S = / S=i 

- 1 f Rcsq + Res $i j3 («) ) Resi ((s, A (1) ) 

+ iRes $i, 2 (s)ResiC(s,A^) 

+ Res ( ^s,o(s) + * a ,i(a) - $ 3 ,a(«) - *i,o(«) - J Resi f(s, A (0) ) 

«=o V 2 2 J s= | 

+ Res ( J$ B ,o(«) - 2$ 6l i00 + 3$ 5 , 2 (s) - 3$ 3 .o(s) + 7$i,o(«) + 7 $ m( s ) ) Re Sl C(s, A (0) ). 

By Corollaries l6.il (when g = 2), and 16.21 (when q = 0,1) 

Res $i, 2 (s) = 1, Res $ 3 ,2(s) = -£r=, Res $5,2(3) = 

s=0 s=0 olO s =0 ZZoZZ 

Res $ M (s) = 2, Res $ 3 .i(s) = Res $5,1 00 = 

s =o s=o 315 s =o 75075 

844 487876 
Res $i,o(s) = 2, Res $3,0 (s) = ^rr, Res $5,0 (a) = ■ 

s =o s=o 315 s= o 75075 
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This gives 



logT sing (CW) =~ Re Sl C(s, A<°>) - ~ Re Sl ((s, A«) + ~ Re Sl A (2) ) 



Re Sl C( S ,A(°)) + A ReSlC(Sj A(°)), 

„_3 1U „_5 



and by Propositions 13.11 and 13.31 

logWCW) / dV0l 3-^l fdv0l 9 + T7^[ \R\ 2 dvol g 

1 /■ „ . , 1 



32tT 3 



/ |i?ic| 2 cfoo^ g H ^ j f 2 dvol g . 



9.3. A remark on the general case. Assume m = 2p— 1 is odd, p > 1. Then, \og T sing (CiW) 
depends only the functions $k,q(s) and £(s, A' ? )), by Proposition 17.21 It follows from the defi- 
nition in Section l3~3l that the functions $k,g(s) are universal functions that depend only on the 
decomposition of the spectrum of the Laplace operator on forms on the cone on the spectrum of 
the Laplace operator on forms on the section. This decomposition is independent from the section, 
so the functions $fc, q (s) do not depend on the particular section (they obviously depend on the 
dimension). This follows also from Corollaries 16.11 and 16.21 Therefore, we can use the functions 
&k,q(s) calculated when the section is a sphere of odd dimension. It follows that \ogT s i ng (CiW) is 
a polynomial in the residues of the functions £(s, A^), with coefficients that are the same as in the 
case when W is a sphere. Now, the residues of £(s, A^) are polynomials in the coefficients e q j of 
the asymptotic expansion of the heat kernel of the Laplacian on forms on (W, g). In turn, the e q j 
are the integrals of some polynomial in the metric tensor g, its inverse and its derivatives. By work 
of P. Gilkey |14) . the coefficients of these polynomial are universal, namely are the same for any 
manifold W [M] Theorem 1.8.3. More precisely, by the above considerations and invariance theory 
as developed in [14] Theorem 4.1.9, it follows that 



logT sing (CW) = / P{x), 

JdCiW 

where P belongs to the ring of all invariant polynomials in the derivative of the metric defined for 
manifolds of dimension m, B m (g) (see [14] Section 2.1.4, and Lemma 2.4.2). Bases for this ring 
are given in terms of covariant derivatives of the curvature tensor using H. Weyl invariants of the 
orthogonal groups [14] Section 2.4.3. It is possible to prove that these polynomial are universal 
up to a constant factor depending on the dimension P — c m Q, where Q does not depends on the 
dimension [T3] Lemma 4.1.4 and Theorem 4.1.9. 

On the other side, by inspection of [3], the term ABM,abs{dCi W) is also the integral of some 
universal polynomial in some tensorial quantities constructed from the metric g. Therefore 

A BM , ahs (dQW) = [ R(x), 

JddW 

R £ B m (g). Fixing a base for B m (g), the proof of Theorem 1 1.31 in the general case follows if we are 
able to prove that P(x) ~ R(x) = 0, for (W,g). 

We have some remarks on this point. First, by Theorem 11.21 it follows that P(x) — R(x) = 0, 
for (W,g) = (Ss?~a'9E)- Unfortunately, this does not implies the general case. For using the base 
for B m (g) in Theorem 4.1.9 of [14] , we see that there are variable in P(x) — R(x) that involves 
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derivative of the curvature when m > 3. Second, by the same argument, the proof of Theorem 
1.31 in the case m = 5 is a fundamental indication for the general case: indeed if to < 5 the proof 
of Theorem 11.31 follows by that of Theorem II. 2 [ by the previous considerations. Third, the proof 
of the general case along this line depends on the availability of some further information on the 
coefficients of the heat asymptotic. A recursion relation should probably be sufficient. However, 
this seems at present an hard problem (see remarks and references in Section 4.1.7 of [14] . 



10. The proof of Theorem 11.31 the general case 



Since the argument is very closed to the one described in details in the previous sections, we will 
just sketch it here. We consider the conical frustum (or more precisely its external surface) that is 
the compact connected oriented Riemannian manifold 



C [htU] W = \h,l 2 ] x W, 



with < Zi < h, and with metric 



gi = dx ® dx + x 2 g. 



We study the analytic torsion of CV^j with relative boundary conditions at x = h and absolute 
boundary condition at x = l 2 , and we respect to the trivial representation for the fundamental group. 
We denote by di/ 2 C[ h: i 2 ] W, or simply d 1 / 2 , the two boundaries, and by logT ro i 9 lia bs d 2 {C[i 1 j 2 \W) 
the torsion. 



10.1. Spectrum. First, we describe the spectrum of the Laplace operator on forms. The proofs of 
the next lemmas are analogous to the proofs of Lemmas 14.21 and 14.31 and will be omitted. 



Lemma 10.1. With the notation of Lemma \4-%\ assuming that /j q ^ n is not an integer, all the 
solutions of the equation Au — \ 2 u, with A 7^ 0, are convergent sums of forms of the following 
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twelve types: 



=» a, - 1 ^.-i.-(^)^n ) + d x (x a ^J^_ l n (Xx))dx A <p&$ 
^-,2,n,X ^'^^A^W^ + d^x^Y^ JXx^dx A ^ 

^+,3,n,A =^ 30, - 1+1 ^(*" a, - 1 ^,- 1 .»(^))^'fe;n ) 

+ x a ^-\j^ n (Xx)dx A #dp<£# 
V^,L,a =i a «- ! » + % l _ a , B (A a; )d a: A 

^,A =^^« 9 |(^)^i„ 

Vft, A =^(^- 1 J| Q9 _ 1 |(A 33 ))da ; A^ 
^ 9) o,a ^(^-^^(Az))^ A 

When [Aq tn is an integer the — solutions must be modified including some logarithmic term (see 
for example [41] for a set of linear independent solutions of the Bessel equation). 

Note that the forms of types 1, 3 and E are coexact, those of types 2, 4 and O exacts. The 
operator d sends forms of types 1, 3 and E in forms of types 2, 4 and O, while d) sends forms of 
types 2, 4 and O in forms of types 1, 3 and E, respectively. The Hodge operator sends forms of 
type 1 in forms of type 4, 2 in 3, and E in 0. Define the functions, for c ^ 0, 

F^O) = J^hx^cY^hx) + hxY'^hx)) ~ Y^hx^cJ^hx) + hxJ^hx)), 

F^ c {x) = J^(lix)(cY^(l 2 x) + l 2 xY^(l 2 x)) - YftQix^cJufox) + hxJ'^hx)), 

and when c = 0, 

Fn,o(x) = J fi {l 2 x)Y^l 1 x) - Y^hxjJ'^hx), 

KAx) = Mhx)Y^(l2x) - Y^J'^hx). 

Lemma 10.2. The positive part of the spectrum of the Laplace operator on forms on C\i u \jW , 
with relative boundary conditions on dxCu^^W and absolute boundary conditions on dzCu^j^W 
is: 

Sp+Aral 9 lia bs b 2 = { m ccx, ? ,n : /^ 9i „,a s ,fe} U |" l c«t,g-l,n : f ti q - 1<n ,a,_i ,fc } 

U |m ceXi g_i !n : /^ ? _ ljn) _ 0e _ ll fc}^ fc=i U |TO C cx,g-2,n : f* g _ 2 , n ,-a 9 _2,fc} n fe=1 

U |m har ,g, : /| 2 Q? |, Q9 , fe } fc=i U |m ha r, ? -i,o : /| 2 Q „_ 1 |,a,_ 1 ,fc} fe=1 • 
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With absolute boundary conditions on SiCVyW and relative boundary conditions on d2C[i 1 ,i 2 ]W 

is: 

SP+^ibs Si, rol d 2 ~ | m ccx :9 ,n ■ f ^ q *, a?) fc| U |^cox,g-l,n : f f _ lq _ ln ,a q „ 1 ,k\ n 

U |m cex , g _i,„ : /^'^ - aq _ u k) nk=1 U ( m cex,g-2, n = - Q ,_ 2 ,fe } n 

U {mhar,9 : /|a,|,Q g ,fc) fe=1 U {™har,g-l : /|a e _i | ,a ? _i ,fc ) k=1 j 

where the /^ )C ,fc i/ie zeros of the function F^^ix), the /^, c ,fc are zeros of the function F^ c (x), 
c £ I, a, and /i gjJJ are defined in Lemma \J i .2\ 

10.2. Torsion zeta function. We define the torsion zeta function as in Section l2T5l bv (for Re(s) > 

m+l \ 
2 ^ 



By a proof similar to the one of Theorem 15. 1[ we obtain the expected duality: 

logT abs durcl d2 (C [hM W) = (-l) m logT rol 9l , abs d2 (C [luh] W). 

We proceed assuming dimVF = 2p — 1 odd, and assuming relative boundary condition on 
9i(7[( 1) ; 2 ] W and absolute boundary condition on di ; for notational convenience, we will omit the 
abs, rel subscript. We define the functions 

F c {x) = J B (hix)Yc-i{hx) - Y c (hx)J c -i{hx), 
F c (x) = J c (hx)Y c -i(l 2 x) - y c (Z;x)J c _i(2 2 £). 

Note that, with these definitions F (x) = Fi(x) and F (x) = F±(x) (remember that Y_ n (x) = 
(—l) n Y n (x) and J- n (x) = (—l) n J n (x)). The proof of the following lemma is analogous to the 
proof of Lemma EU The main step is to prove that f\ aq \, aq ,k = f-a t - u k, that f\ ag \ >ctgt k = /a„fe, 
when p — 1 < q < 2p — 1, and that /o,o,fe — /i,fe) where the / c ,fe, hatf c ^ are the zeros of the functions 
F C ,F C , respectively. 

Lemma 10.3. 

p-2 



1 \ 

^( S ) =2 mccx :9." {f^ S n ,a q ,k + fn q S n ,-a q ,k ~~ ffj, q ^,a q ,k ~ f^-a^k) 

q=Q n,k=l 

+ 2 m ccx,p-l,n (/ Alp _ 1 „ : o,fc — fnp-i, n ,0,k) 

n,k—l 



2 

g=0 fc=l 
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We set 

oo oo 



Z q,±( s ) - E rrlccx -<l- n f t J.q,l,±a ll ,k> Zq,±i s ) ~ 2-J m cex,q,nf ^ 



',,/c— 1 n,fc— 1 

oo oo 



(10.1) Z p -i(s) - ^ ^ex^-l.n/^^.o.fe! 2p-l,±(«) = X! m ^P-hnf^ lin , ,k' 



n,fc=l n,/c=l 



fe=l 

for < g < p — 1 , and 

ip_i(s) = Z p -i(s) - Zp-i(s), 

t q (s) = Z q ,+ (s) + Z q ,-(s)-Z qt+ (s)-Z q ,-(s), 0<q<p-2. 

Then, 

P-2 



9=0 

--^(-l)'rkH,(^;()K( ( ) 

9=0 

J £(-!)%(*) - J £(-i)™ 9 (dcw ; QK( s )> 



2 , «v , 2 

q=0 g=0 



and 



p-i p-i 



(10.3) logT rcl a , abs d2 (C [hM W) = t'(0) =^(-l)<%(0) 4E(- 1 ) ?rk ^( 9C ^^)<(°)' 

g=0 9=0 

10.3. Expansions of the logarithmic Gamma functions. We study the zeta functions Z q ,±, 
Zq,±, by the method of Section |3l The double series associated to these zeta functions, as defined 
in equation (110. ip . are denoted by S± aq , S± aq . We show that all these double sequences are 
spectrally decomposable on the sequence U q , defined at the beginning of Section lfT2"1 We verify 
all requirements precisely as in Sections 16.11 and 16.21 First, we need suitable representation for the 
associated logarithmic Gamma functions. Proceeding as in Section 16.21 consider for example the 
function 

F»,c(*) = Ml 2 z)(cY^hz) + hzY'^hz)) - Y^(l 2 z)(cJ^hz) + hzJ'^hz)). 
Recalling the series definition of the Bessel function [TS]pg. 910, near z = 0, 



Thus -F)i. c (z) is an even function of z, and we obtain the product representation 



V V 1 l 2 / P V'l h J J k=1 \ Jn,c,k t 



f2 
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Recalling that 

COS fJ>7T 1 2 

Y^{z) = -. Ju(z) : J-u(z), I-u,(z) = - sin fj,nKJz) + IJz), 

Sin/i7T Sin/i7T 77 

and that (when —77 < arg(z) < |) J^{iz) = e^ ztt I )i (z), and J'^iz) — ef v e~^V^(z), we obtain 

= f ^ef- + ^) !„(*) - V^(,), 
\ sin yU7r sin /i7T / 77 

= e"^ f £^ e ^ + ^^-) I'Jz) - -e-^e-^K'Jz). 
pV ; \sin^7r sin /177 J MW 77 MW 



So 



i^.cfa) = \ {-K^l 2 z)(cl^(hz) + hzl'^hz)) + I^hz^cK^hz) + hzK'^hz))) , 



and if we define (for —77 < arg(z) < |) G^. c (z) = i 2 F^ :C (iz) 7 



Proceeding in the similar way 

F^iz) = ^ (^(/i«)(c/ M (i 2 «) + hzl'^hz)) - I^hz)(cK^l 2 z) + hzK'^hz))) 

6 „ (s) ^„ (i ^I((| + |) + £(|-|))n(i + £); 

^,o(«) - - {-K^hz^ihz) + I^l 2 z)K^hz)) , 



f 2 / 

These give the following representations for the logarithmic Gamma functions with z = V —A 



lo g r(-A,5 ±a J = -logJ] 1 



(-A) 

/ u 2 



fc=l \ J )J. q , n ,±a q ,k 



iogr(-A,s± a ,) = -iogfj (1+ ( Al 



f 2 / 

k=l \ J Hq,n, ±a q ,k J 



= - log G Mnili±Q< (\/=A) + log - + log -f^ + -i^ ± 



\ \ 'l t 2 / \ L l l 2 
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lo g r(-A,5 )=-logJ] 1 



(-A) 



k=l 



f 2 

J fJ.p-l,7Z,0,k / 



logG Al7i p _ 1 , (\/ r A) - -log-A-log/i +\og- +log 

Z 7T 



lo g r(-A,5 )=-logJ] 1 



(-A) 



fe=i 



f 2 

• / Alp-l,n,0,fe , 



1 °gG A1 „,„ 1 ,o(\/ i: A) - 77 log -A - logZ 2 +log- +log 



These representations and uniform asymptotic expansions of Bessel functions and their derivative 
(see the proof of Lemma ROl for the functions /„ and [25] pg. 376 for the functions K v ) will give the 
expansion required in equation (|3.3I) of Definition 13.11 Let see one case in some details. We have 



logr(-A,5„,± aj /Ma,n) = 



1 



-logG> „„,±a „Og,nV-A) + log - + log 

77 

Using the cited expansions we obtain 
1 



n L 2 



ftq<n ]^q,n 

2 



+ log fl + 53 ^(^) + (-1) j Xj(M + ^^^^ + 0(^ 2p )j , 



where 



Thus 



w CJ (z) = y,(z)- 



■■Uj-x{z). 



^°S G p. q , n ,±a q (Pq,nV-X) = [L q . n [J 1 - ZfA - J 1 - l\ A + jU g>n log 



l i M^ x f W) 



? 2 (i + yi~7p) 

^i(i + v/T - 7p) 



with 



oo,±q„(A) 


= 1, 


Oj,±a 4 (A) 


= E/,-M=A) 


il,±a,(A) 


= Ol,±a,(A), 


ij,±a«,(A) 


= Oj,±a,(A) - 



fe=i 



J — & 



fc=i 
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Substituting in the logr(— A, S n ^± aq /^ q „), we have 



1 (1 - fgA) ^ /^(A) 

^ log (r^P)-g^rr +log 

Proceeding in a similar way we obtain 



fc 2 



+ 0(/Vn P )- 



logr(-A,S*„ !±Q? /^ ! „) = -/x 9 ,„ ^1-^A- y 7 ! -/?A^ log 



1 , (1 - fgA) 2 ^^(A) 
4 l0g (l-/|A) ^ 



+ log( (^ + ^)± "* 



fJ>q,n l^ q ' 



with 



«0,±a ? (A) = 1, 



3-1 



aj,±a,(A) = wta.j^^) + (-i) j 'co(/i^) +^(-i) fe c/ fc aiy z A)^ ±Q , J - fe a 2 v T A), 

^l,±a,(A) = ai,±a,(A), 



fe=l 



j-1 



^•,±a<,(A) — fij,±a 5 (A) — ^2 —■ — &k,±aq(X)ij-k,±ctq{X). 



fc=l 



logT(-A, S n fl/ fj, p _ lin ) = -Mp-l,n I V 1 - ^A - W 1 - ZfA ) - /i p _i ; „lo. 



Z 2 (l + y/T^TfA) 



4 ~° (i - q\) ^ .j 



with 



j=l Vp-l.n 



f^p — l,n TMp— l,n 



jllp—l,n 1 jfAp-l,: 



ao,o(X) = 1, 

%,o(A) - VjihV^) + {-l)W ] {l l ^)+Y,(-^) k Uk(h^X)V J - k {l 2 ^X), 
h,o(X) = ai >0 (A), 



3-i 



k=l 



3-1 ■ 



^,o(A) = »j,o(A) - E i—Aak,o(X)ij-k,o(X)- 



fc=i 
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iogr(-A,S„, //4n) = -Mp-l,n V 1 _ 1 % X ~ V 1 ~ l l X ) -Mp-l,nl0. 



^2(l + Vl~^A) 
^(l + yi - 7|A) 



1 (1 - f?A) 2 ^,o(A) 
4° S (1-/IA) 



log 



with 



ao,o(A) 


= 1. 




Oj,o(A) 


= ^-(laVI 


-A) 4 


ii,o(A) 


= oi,o(A), 










«i,o(A) 


= aj,o(A) - 


E 



j-1 



°(m p -i,J, 



fc=i 



j-k 



k=l 



J 



- — afe,o(A)ij_fc(A). 



We conclude this section with the expansions for large A, accordingly to equation (|3.5|l . Using 
classical expansions of Bessel functions /„it and _R"„ and their derivative for large argument, we 
obtain the expansions of the functions G and G, and then those for the Gamma functions: 

logr(-A,S , ni±Qq /^ „) - 



Hq,n{h - ^i)\/^A - ~ log |i + log 

logr(-A,S , „ i±Q!q /^ i „) - 

1 ; 2 

Hq,n{h - il)v = A - - log — + log 



l 2 , L l 



' 1 2 / t^q.TL \ "I ^2 



fc 2 fc l 



fc 2 , 6 1 



± 



]^q,n lHq.n J I ]^q,n l^q,™ 

l l l 2 / Pg.n V'l '2 



l^q,n ]^q,r. 
( 2 tj 



1 



-A 



1. *2 



logr(-A, S nfi / fJ-p-i, n ) Vp-l,n{h - Ji)v -A + - log — + lo. 

logr(-A,/S'n,o/^p-l ) n) Mp-l,n(k - /l)\/^A + i log — + lo. 



jf/Xp— ^Mp— i, 



^p—l,n ^Mp-l, 



-A 



10.4. The function f g (s). By definition in equation (|10.2p . we need to consider the difference 
between logT(— A, S n ,±a q / Hq,n) and logr(— A, S n ,±a q / Hq,n)- The expansions given in the previous 
subsection give expansion for large 

logT(-A, S n ,a q /^q,n) + logr(-A, S n ,a q l V>q,n) - logr(-A, S n ,a q / fig.n) ~ logT(— A, S n ,-a q l V>q,n) = 

n - a/ 2s i 2p_1 1 

= log 7r^7i( + E t^W + UW-^W-UWJ + oK?). 

and for large A 

logr(-A, S n>ctil /fx q>n ) + logr(-A, S n<aq / 'fig tn ) - logT(-A, S n ,a v /Pq,n) - logT(— A, S n - aq /fl q . n ) = 
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Proceeding as in the proof of Lemma 16.141 we obtain 

ao.O,q,n = 2 log — , 

n 

O>0,l,q,n = 0, 
O2j-l,0,0,q = 0, "2j-l, 0,1,9 = ^> 

and hence 

/ °° ; °° /_ \ 

A ,o, 9 ( S ) = 21og^^ = 21ogfX:( .")c4jC«i(« + i,A«), 

f l n=1 Vq,n n J=Q \ J / 

A 0) i, g (s) = 0. 

This gives 

A,, . ? (0) = 2 log ^Ccci, 9 (0, A<«>) = 2(-l)« log £ ]T(-l) fe rkH fc (^ Q), 



and 

Ceg(0) = 2(-l)« +1 log f ^(-l) fc rkH fc (W, Q) 



; 9 



A;=0 



Similarly, we consider the difference of log r(— A, S n .o/ H P -i, n ) and logr(— A, (S , n ,o/A* p -i,n) for the 
function t p —i, and we obtain 

-i 

a 0,0,n,p-l — io g 7", 

a 0,l,n,p-l = 0, 
&2j'-l,0,0,p-l = 0> 02j-l,0,l,p-l = 0, 

/ 00 7 

A,,o, P -i(s) = log r E = l0 § r^- 1 ^' A(9) )' 

1 n =l 1 

A 0) i(s)=0, 

A),o,p-i(0) = log ^Ccci, 9 (0, A^ 1 ') = (-l)P- 1 log £ V(-l) fc rkH fc (iy, Q), 

and 

*;-i, reg (0) = (-lflog^(-l) fe rkH fc (^,Q) 

1 k=0 

10.5. The regular term of the torsion. We use equation (|10.3|) . First, note that as in Section 
[7] there is no singular contribution by the functions z q (s). Using equation 13.21 and recalling that 
— ctg_i = — (q — 1 — p + 1) = p — q, we compute as in Lemma l7.ll 

/,(())= log £-2(p-<z) log 
Therefore, substitution in equation (|10.3I) gives 

logT r el a lja bs d2,ieg(C[l u l 3 ]W) = t' reg {0) = 0. 
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10.6. The singular term of the torsion. We show that the singular part of the torsion is twice 
the singular part of the torsion on the cone, namely that 

(10.4) logT re i 

<9i,abs casing 

For we need the following lemma. 
Lemma 10.4. We have the following equations: 

i h±aq (x) = i J (i 2 2 x) + (-iyif(iix), 
i^W^ifii^ + i-iyi^iix), 

i j , (x) = i j (i 2 x) + (-iyi j (i 2 x), 

i j , (x) = i j (i 2 2 x) + (-iyi j (i 2 x), 



where the functions h, lj are defined in the proof of Lemma\6.4\ the functions L in the proof of 



j > 3 

Lemma \6.1(A and the other function in Subsection \10.3\ 

Proof. The proof is by induction. We give details for the first equation. For j = 1, we have 

li,±a.(A) = Ux(hV^X) - W^,i(hV=X) 

= h(i 2 2 x) + (-i) 1 i 1 (i 2 1 V^x). 

Assume the equation is valid for all n < j. By definition 
j'-i 



k± aq (xy e u k (hV=x)(-iy- k w Tag tj -k(hV=x) 



fe=i 



3-1 



fc=l 



and using the inductive hypothesis for lj-k,^a q (X), and collecting similar terms, this gives 



3-1 



ii,±a,(A)- E U k (h^X)(-iy- k W Taq ^ k (hV^X) 



k=l 



3-1 



i 3 \i 2 x) + (-iyij(i 2 \) E J —^{-^) k w^ aq Ah^x)i 3 - k {ilX) 



k=l 



J 



3-1 • _ , 

E J — (u k (hV^xm-iy- k ii k (iix) 

k=l •* 

3-1 ■ _ , fc-1 

E~ E ^(feV = A)(-l) fc " h W Fa , jk - h (ZiV=A)i i _ fc (liA) 
fe=i ^ 



E E ^^^)(-i)^' l ^,, fc -^aiv / ^))(-ir fe ^aiA). 



fe-i 
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Rearranging the summation's indices, this reads 



3-1 



i J , ±aq (\)-J2Uk(hV^\)(-iy- k w TaqJ _ k (hV^\) 



k=l 



3-1 



ijiqx) + i-iyqaix) - J2(-^ k w Taq .k(hV^\)u^ k (i 2 V^x) 



k=l 



3-1 



fc-1 



k-h 



k=l 
3-1 



h=l 



fc-1 



k=l 

3-1 



h=l 



J —^i 3 -k{il\) ]T Uk(hV^x)(-i) k - h w Taq ^ h (hV^x) 



fc-1 



k=l 
3-1 



h=l 



2^(-i) i - fc g_ k a?A)x;^a2>/^(-i) fc ~ h ^a,,fc-fc(iiV=A) 



/c-i 



fc=l J h=l 

Reordering the first two double sums as 



j2(-iy- k w Taq ^ k (hV^\) J2 —u h {h^\)i k - h {ii\) 



fc=i 



h=l 



J 



fc-1 



j-1 Al. 

J —ij- k {i 2 2 \) J2 u h (hV^\)(-i) k - h w Taq ^ h (hV^x), 

fe=l •* h=l 



3-1 



fc-1 



k=l h=l - 1 

fe=l •* h=l 



the result follows. 



□ 



We are now in the position of proving equation (|10.4[) . Proceeding as in the proof of Propositions 
6.21 and 16.41 the singular part of the torsion is given by some residua of the zeta function associated 
to the sequence U and some residua of the functions $. Since the sequence U is the same for the 
conical frustum and for the cone, and the range of the indices are the same, we only need to compare 
the functions $ in the two cases. The functions $ are defined in equation (|3.4|) . we introduce the 
linear operation 



=T(^,(A))(a) 



1 



-4>o h (X)dXdt. 
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Let use the notation <j) cone and </> frust . We have 

4>^-i, q = -2Z 2 ,-i(A) + Z+_x(A) + ^_ X (A), 
^■™ st = -^+(^ 2 A) - lj,-{l\X) + f^ + (/ 2 2 A) + f^-OfA). 

Note that all the functions appearing in the definition of the functions </>(A) are polynomial in 
w = Applying the formula in equation (|10.6j) . we have that 

r(/ J+ (? 2 2 A))( s ) = /rr(/ J+ a 2 2 A))( s ), 

and similarly for the other. Using Lemma 110.31 and odd indices, we obtain for example 

Since by Corollaries 16.11 and 16.21 all the residua Resi of the function $2j-°i( s ) at s = vanish, 
equation 110.41 follows. 

10.7. Conclusion. As recalled in Section \2~M if dW — d\W U <9 2 W , is the union of two disjoint 
components, and since the boundary term is local, 

logT rol duaba d2 ((W,g);p) = logr(((W, d x W), g); p) + A BM . r oi(diW) + A BM . ahs {d 2 W) . 

Applying this formula to the conical frustum we have 

l0gT rGl ai , a bs d 2 (C [luh] W) = \ogT{C [hM] W,diC [hM] W) + ^BM,rcl(<9i) + A B M,ab S (S 2 ). 

Let X be a manifold of dimension 2p with boundary dX = c^C^^j W, and assume there is an 
isometry of a collar neighborhood of the boundary of X onto a collar neighborhood of d 2 C[i lt i 2 ]W. 
Let Z be the manifold obtained by glueing smoothly X to C[i lt i 2 ]W along the boundary <9 2 C[Zi.z 2 ] W . 
Applying duality of analytic torsion |22j Proposition 2.10 to Z, and since the anomaly boundary 
term is local, it follows that A B M,-[c\{d\C[i 1 ,i 2 ] W) = — A B M,abs(diC[i 1 j 2 ]W). Since it follows by the 
definition that A BM , a bs{diC[i uh ]W) = -A B M,a,h s {d2C[ lltl2 ]W), we obtain 

logT rcl 9l , abs d2 {C [hM W) = logT(q lliIa] W,fcC' [Il , Ja] W) + 2A BM . &hs {d 2 C [hM W). 

Considering the exact sequence of chain complex associated to the pair (C[i lt i 2 iW, d\C[i lt i 2 ] W), 
it is not difficult to see (see for example [24] Section 3) that the Reidemeister torsion of the pair 
vanishes, and hence 

logT re] 

di ,abs 82 

(C lhM] W) = 2A BM , ahs (d 2 C [llM W). 

Since the anomaly boundary term is local ^BM.abs (c^C 1 ^^] W) = A B M,abs(dCiW), and hence 

logT re] 9l , abs d2 {C [hM W) = 2A BM ^ hs {dCiW). 

This formulas also follows using the formulas for the variation of the torsion with mixed boundary 
conditions given in the new paper of Bruning and Ma [4]. We thanks the authors for making 
available to us this part of the results of their still unpublished paper. Since by the calculations of 
the previous subsections 

logT rol 9l , abB d2 {C [hM W) = logT rol ai , abs a 2 ^ s {C [hM W) = 2 logT abs , sing (CW) = 2S(dQW), 

this completes the proof of Theorem 11.31 
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Appendix 

The next two formulas follow from the definition of the Euler Gamma function. Here j is any 
positive integer. 



Reso -^Jlj+rr 1 = "7 - 2 log 2 + 2 ]T ■ 



(10.5) 



s=Q 



r( s + ^±i) 

Resi „ - -, — = 1, 

s=0 r(^i) s 



The next formula is proved in [35] Section 4.2. Let A 0jC = {A e C | | arg(A - c)| = 6}, < 6 < n, 
< c < 1, a real, then 

(10-6) /V 1 -/ ^^V^=^. 

io 27ri i Ae c -A (1 - A)- I»s 
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THE ANALYTIC TORSION OF THE CONE OVER AN ODD DIMENSIONAL 

MANIFOLD 



L. HARTMANN AND M. SPREAFICO 



Abstract. We study the analytic torsion of the cone over an orientable odd dimensional compact 
connected Riemannian manifold W. We prove that the logarithm of the analytic torsion of the 
cone decomposes as the sum of the logarithm of the root of the analytic torsion of the boundary 
of the cone, plus a topological term, plus a further term that is a rational linear combination of 
local Riemannian invariants of the boundary. We also prove that this last term coincides with 
the anomaly boundary term appearing in the Cheeger Miiller theorem [6] 1241 for a manifold with 
boundary, according to Briining and Ma [3], either in the case that W is an odd sphere or has 
dimension smaller than six. It follows in particular that the Cheeger Miiller theorem holds for 
the cone over an odd dimensional sphere (as conjectured in 1171 ). We also prove Poincare duality 
for the analytic torsion of a cone. 
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1. Introduction and statement of the results 

Analytic torsion was originally introduced by Ray and Singer in 27], as an analytic counter 
part of the Reidemeister torsion of Reidemeister, Franz and de Rham [35] [T3J [TT]. Since then, 
analytic torsion became an important invariant of Riemannian manifolds, and has been intensively 
studied, several generalizations have been introduced and significative results obtained. Concerning 
the original invariant, the first important result was achieved by W. Miiller [24] and J. Cheeger 
[6] that proved that for a compact connected Riemannian manifold without boundary, the analytic 
torsion and the Reidemeister torsion coincide, result conjectured by Ray and Singer in [37], because 
of the several similar properties shared by the two torsions. This result is nowadays known as the 
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celebrated Chcegcr-Miiller theorem. The next natural question along this line of investigation was 
to answer the same problem for manifolds with boundary. It was soon realized that the answer to 
such a question was an highly non trivial one, since the boundary introduces some wild terms. The 
first case to be analyzed was the case of a product metric near the boundary. W. Luck proved in [21] 
that in this case the boundary term is topological, and depends only upon the Euler characteristic 
of the boundary. The answer to the general case required 20 more years of work, and has eventually 
been given in a recent paper of Briming and Ma [3] . The new contribution of the boundary, beside 
the topological one given by Luck, is called anomaly boundary term and we denote it by Abm- The 
term A-qm has a quite complicate expression, but only depends on some local quantities constructed 
from the metric tensor near the boundary (see Section [2.61 for details). The next natural step is to 
study the analytic torsion for spaces with singularities. A first, natural type of space with singularity 
is the cone over a manifold, CW. Cones and spaces with conical singularities have been deeply 
investigated by J. Cheeger in a series of works [6\ [8] [9] (see also [25])- Due to this investigation, 
all information on L 2 -forms, Hodge theory, and Laplace operator on forms on CW are available. 
Further information on the class of regular singular operators, that contains the Laplace operator 
on CW, are given in works of Briming and Seely (see in particular [5]). As a result it is not difficult 
to obtain a complete description of the eigenvalues of the Laplace operator on CW in terms of 
the eigenvalues of the Laplace operator on W. With all these tools available, namely on one side 
the formula for the boundary term, and on the other some representation of the eigenvalues of 
the Laplace operator on the cone, it is natural to tackle the problem of investigating the analytic 
torsion of CW. What one expects in this case in fact is some relation between the torsion of the 
cone and the torsion of the section. A possible extension of the Cheeger Miiller theorem could 
follow, or not. Indeed, it is general belief that in case of conical singularity such an extension would 
require intersection R torsion more than classical R torsion (see [10]). However, if the section is 
a rational homology manifold, then the two torsion coincide (see [6], end of Section 2), and the 
classical Cheeger Miiller theorem is expected to extend. 

If C{W) is the chain complex associated to some cell decomposition of W, then the algebraic 
mapping cone Cone(C(W)) gives the chain complex for a cell decomposition of CW. It is then 
easy to see that the R torsion of CW only depends on the choice of a base for the zero dimensional 
homology. Even if Poincare duality does not hold, it does hold between top and bottom dimension, 
and therefore we can use the method of Ray and Singer in order to fix the base for the zero homology 
using the Riemannian structure and harmonic forms (see [57] Section 3, see also [IB])- The result 
for the R torsion is 

t(CW) = a/Vo1(CW). 

On the other side, one wants the analytic torsion. The analytic tools necessary to deal with the 
zeta functions appearing in the definition of the analytic torsion, constructed with the eigenvalues 
of the Laplace operator on CW, are available by works of M. Spreafico [31] [35] [37J. In these works, 
the zeta function associated to a general class of double sequences is investigated. In particular, a 
decomposition result is presented and formulas for the zeta invariants of a decomposable sequence 
are given. This technique applies to the case of the zeta function on CW, and permits to obtain 
some results on the analytic torsion that we will describe here below. Before, we note that this 
approach has been also followed in [T5] , [38] and [T7J . The main results of these papers are that in 
the case of W an odd low dimensional sphere, then the classical Cheeger Miiller theorem with the 
anomalous boundary term of Briming and Ma holds for CW, while if W is an even dimensional 
sphere, it does not hold. Explicit formulas for W the sphere of dimensions one, two and three 
are also given, and in II Tj it is conjectured that the Cheeger Miiller theorem with the anomalous 
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boundary term of Briining and Ma holds for W any odd dimensional sphere. This is proved to be 
true in Theorem 11.21 below. In Theorem 11.31 the same result is proved for the cone over a generic 
orientable compact connected Reimannian manifold of low odd dimension. A basic ingredient in 
the proof are results of P. Gilkey on local invariants of Riemannan manifolds [13] . 

We are now ready to state the main results of this paper, for we fix some notation. Let (W, g) be 
an orientable compact connected Riemannian manifold of finite dimension m without boundary and 
with Riemannian structure g. We denote by C{W the cone over W with the Riemannian structure 

dx ® dx + x g, 

on CW — {pt}, where pt denotes the tip of the cone and < x < I (see Section HTl for details). The 
formal Laplace operator on forms on Cw — {pt} has a suitable L 2 -self adjoint extension A abs / re i 
on CiW with absolute or relative boundary conditions on the boundary dC{W (see Section POl for 
details), with pure discrete spectrum SpA a w re i- This permit to define the associated zeta function 

C(s, A abs/ro i) = A ~ S ' 

AeSp + A abs/rol 

for Re(s) > . This zeta function has a meromorphic analytic continuation to the whole complex 
s-plane with at most isolated poles (see Section[S]for details). It is then possible to define the analytic 
torsion of the cone 

m+l 

logT abs/rcl (CW) = -^(-llVtCA^J, 

9=0 

In this setting, we have the following results (analogous results with relative boundary conditions 
also follow by Poincare duality on the cone, proved in Theorem 15.11 below) . 

Theorem 1.1. The analytic torsion on the cone C{W on an orientable compact connected Rie- 
mannian manifold (W, g) of odd dimension m = 2p — 1 is 

p—l 

logT abs (CW) =i ^(-l)« +1 rkff 9 (W; Q) log 2{p ~ q) + I IogT(W, l 2 g) + S(ddW), 

q=Q 

where the singular term S(dCiW) only depends on the boundary of the cone: 
S(dQW) = ^EEE Rcso * 2fc+M (*) (~? ^) E(-l)' C U A«) (q-p+ l)^~ k \ 

1 q=0 3=0 k=0 S=0 VJ- fc / /=0 S =j+i ^ ' 

where the functions < I ) 2fc+i,q(s) are some universal functions, explicitly known by some recursive 
relations, and A is the Laplace operator on forms on the section of the cone. 

It is important to observe that the singular term S(dC'iW) is a universal linear combination of 
local Riemannian invariants of the boundary, for the residues of the zeta function of the section are 
such linear combination (see Section 1^731 for details). 

Theorem 1.2. When W is the odd dimensional sphere (of radius sma), with the standard induced 
Euclidean metric, then the singular term of the analytic torsion of the cone C{W appearing in 
Theorem \l.l\ coincides with the anomaly boundary term of Bruning and Ma, namely S{dCiS s f~ a ) = 
ABMidCiS^^). In this case, the formula for the analytic torsion reads 
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where 

, (ac ^-u _ (2p-l)\ ^ 1 V tD^l sin 2 fc+ i „ 

Corollary 1.1. The natural extension of Cheeger Mutter theorem for manifold with boundary is 
valid for the cone over an odd dimensional sphere, namely 

IogT abs (C,5 2 "- 1 ) = logT^S 2 ^ 1 ) + ABMidCtS 2 ?- 1 ). 

The result in the corollary should be understood as a particular case of the still unproved general 
result that the analytic torsion and the intersection R-torsion of a cone coincides up to the boundary 
term, for the intersection R-torsion is the classical R-torsion for the cone over a sphere. 

Theorem 1.3. When (W, g) is an orientable compact connected Riemannian manifold of odd di- 
mension smaller than six, then the singular term of the analytic torsion of the cone C{W ap- 
pearing in Theorem \1.1\ coincides with the anomaly boundary term of Briining and Ma, namely 
S(dC l W) = A BM (dC l W). 

Theorems 11.21 and 11.31 indicate that the result is likely to be true for a general odd dimensional 
manifold. We are not able at present to prove this statement, but we give some insights in the last 
section. 

2. Preliminary and notation 

In this section we will recall some basic results in Riemannian geometry, Hodge de Rham theory 
and global analysis, and the definitions of the main objects we will deal with in this work. All 
the results are contained either in classical literature or in [27], [24], [8], [3], [13] pQ. This section 
can be skipped at first reading, and it is added exclusively for the reader's benefit. From one 
side, it permits to the interested reader to find out all the necessary tools to verify the arguments 
developed in the following sections, with precise reference to definitions and formulas, avoiding the 
fuss of searching in several different papers and books, from the other, it provides a unified notation, 
whereas notations of different authors are too often quite different in the available literature. 

2.1. Z/2-graded algebras and Berezin integrals. Let V, W be finite dimensional vector spaces 
over a field F of characteristic zero, with Euclidean inner products (-,_). Let V* = Hom(V, F) 
denotes the dual of V , and fix an isomorphism of V onto V* by v*(u) — (v, u). Then, we identify F- 
homomorphisms with tensor product of tensors by Hom(V, W) =V*<S> W. If V, W have dimensions 
m, n respectively, and {ek}™ =1 , are orthonormal bases of V and W respectively, then we 

identify t <E Hom(V, W) with the tensor T <E V* <g> W with components T kl = (b u t(e k )) = b*(t(e k )), 
namely 



01, 

fe=l 1=1 

where we denote by {e* k } the dual base. We use the Euclidean norm of a linear homomorphism 
\t\ = y/ti{t*t). In the orthonormal base, this gives for the associated tensor 

rn n 

fc=i i=i 

We denotes by AV the exterior algebra of V (the universal algebra with unit generated by V 
with the relation v 2 — 0). A 1i/2-graded algebra A is a vector space with an involutions such 
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that A = A + ® A_, and a product • that preserves the involution, i.e. such that AjAk C Ajk- 
The exterior algebra is a first example. Let A and B be two Z/2-graded algebras. The vector 
spaces tensor product A ® B has a natural Z/2-grading, A <g> B = (A <g> £>)+ ® (A ® £?)-, where 
(A(g)_B) + = A + ®B + ®A-®B-, and (^4®B)_ = A + ®B_® A^®B + . This becomes a Z/2-graded 
algebra, that we denote by A(&B, with the product defined by (we will omit the dot in the following) 

(a®6) • (a' (8)6') = (-l) |b| |a '!a • a'<8>6 • 6'. 

There are two natural immersions of A in A® A as an algebra: we identify A with A <E> 1 and we 
denote by A = 1® A. Since A<g> 1® 1®_B = A®_B, we have that A®B = A®B. Let A = B = AV, 
for some vector space V, where we denote the product by A, as usual. Then, V®V £ AV®AV. 
If v e V, then v = v(g>l e V = V<g>l, v = l(g>v e V = 1®V , and v A v G V AV. Note that, 
v A v — (v<E)l) A (1<§v), while (l<E>v) A (v<E)l) = —v A v, and 

u A v = (l(gm) A (l(gw) = l®(u Ad) = m/vu el'AV. 
This permits to identify an antisymmetric endomorphism (f> of V with the element 

^=2 E ((p{vj),v k )vj Ai) k , 
i,fe=i 

of A 2 y. For the elements (4>(vj),Vk) are the entries of the tensor representing in the base {i>fc}, 
and this is an antisymmetric matrix. Now assume that r is an antisymmetric endomorphism of 
A 2 V. Then, (Rjk = (r(vj),Vk)) is a tensor of two forms in A 2 V. We extend the above construction 
identifying R with the element 

(2.1) R = - (r{vj), v k ) A Vj A v k , 

j,k=l 

of A 2 V A A 2 V. This can be generalized to higher dimensions. In particular, all the construction can 
be done taking the dual V* instead of V. We conclude with the definition of the Berezin integral. 
Assume V to be oriented. We define the Berezin integral be 

B 

: AW®AV -> AW, 

B 

: a <g> P c B P(ei, e m )a, 

m(m+l) 

where cb = - — — m . In particular, note that 

A- 1 -"(=)■ 

and this vanishes if dimi? = m is odd. 

2.2. Some Riemannian geometry. Let (W,g) be an orientable connected Riemannian manifold 
of dimension m without boundary, where g denotes the Riemannian structure. We denote by TW 
the (total space) of the tangent bundle over W, and by T*W the dual bundle. We denote by AT* W 
the exterior algebra of T*W. We denote by T(W, TW) and T(W, T* W) the corresponding spaces of 
smooth sections, and by T (W,TW) and T (W,T*W) the spaces of smooth sections with compact 
support. Let x = (xi, . . . , x m ) be a local coordinate system on W. We denote by {dj}JL 1 the local 
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coordinate base on TW, and by {dxj}JL 1 the dual base of one forms on T*W: dxj(dk) = Sjk- We 
denote by {ej}f =1 and {e*}™ =1 local orthonormal bases of TW and T*W, e*(e k ) = S jk . Then, 

m m 

.9=J^ gjkdxj ®dx k = ^ djke* <g> e* k , 

j.k—1 j^k—1 

and the volume element on W is dvol g — e* A ■ ■ ■ A e* m — i,/\detg\dxi A ■ ■ ■ A dx m . 

Let V : r(W, TW) -» r(W, End(TW)) denotes the covariant derivative associated to the Levi 
Civita connection of the metric g. This is completely determined by the tensor T — ^af)-ye* a ® 
e* <g> e 7 , € r(W, T* <g> T* <g> TW), with components the Christoffel symbols: 

r Q/ 3 7 = T(e a ,ep,e*) = e* (r(e Q , e^, _)) = e*(V ea e /8 ) = ,g(e 7 , V en e /3 ) = -r a7/3 , 

that can be computed using the formula: 

(2.2) r Q( 3 7 = - (c a ^j 7 + C 7Q) g + C 7/ 3 Q ) , 

where the Cartan structure constants c Q) g 7 = — c^ a7 are defined by 

m 

[e a , e^] ^ ^ c a/ g 7 e 7 . 

7=1 

The connection one form associated to V is the matrix valued one form co e so(m, T{W, AT*W)), 
with components 

m 

W /37 = X! r ( e "' e 7' e ^) e «- 
a=l 

The curvature associated to the Riemannian connection V (of the metric g) is the linear map 
r : r(W, TW ® TW) -> r(W, End(TW)), defined by: 

r(x, y, z) = V x V y z - V y V x z - V[ x , y ]Z, 

where x, y, z, r(x, y, z) <E T(W, TW), and corresponds to the tensor R = p 7 5=1 RaMS&* a ®e*p® 
e*^(g>e s ,e Y{W,T*W ®T*W ®T*W ®TW), with components 

Ra/3-yS = —Rpa-yS = R{e a , ep, e 7 , e* s ) = e* s (r(e a ,ep, e 7 )) 

= e KVe a V e/3 e 7 - V e/3 V ec ,e 7 - V [eo ^ e/3] e 7 ). 

The curvature two form associated to R is the matrix valued two form f2 e so(m, r(W, A 2 T*W)), 
with components 

m 

^7<5 = X! ^(ea,e/3,e 5 ,e 7 )e* AeJ, 

a,/3=l,a</3 

and can be computed by the following formula: 

m 

(2.3) — dujgjj + ^ cJq. 7 A a; 7) g. 

7=1 

We introduce two more tensor fields. The Ricci tensor Ric = p=i Ric a pe* a ®e*p £ T(W, T*W® 
T*W), defined by 

m 

Ric(x,y) =^efe(V efc V x y- V x V efc y- V [efc ,x]2/), 
k=i 
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and the scalar curvature tensor, denned by 

m 

t = y^ffic(e fc ,e fc ). 
fe=l 

The components of these tensors in terms of the curvature tensor are: 

m 

Rica/3 = R(ek,e a , ep, e* k ), 

k=l 
m 

t= ^ R{e k ,e h ,e h ,e* k ). 

k,h=l 

2.3. Hodge theory and de Rham complex. We recall some results on the de Rham complex 
(see for example and some results from [57] and [23]. From now one we will assume that W 
is compact. In this section we also assume that W has no boundary. 

Let denote by fl q the space of sections T(W, K^T*W). The exterior differential d defines the de 
Rham complex 

C DR :... n("\W) VL^ +1 \W) 

whose homology coincides with the rational homology of W. The Hodge star * : hS q 'T*W — > 
A ( m - q ) T * w ^ defines an i S0me t r y * : n q (W) -> n m ~ q (W), and an inner product on Q q (W) 

(a, (3)= aA*(3= (a,(3)dvol g . 
Jw Jw 

The closure of f2 ? with respect to this inner product is the Hilbert space the L 2 g-forms on 
W . The de Rham complex with this product is an elliptic complex. The dual of the exterior 
derivative d\ defined by (a,dj3) = (d'a,(3), satisfies d) = (—\") m <i+ m + l *d*. The Laplace operator 
is A = (d + d)) 2 . It satisfies: 1) *A = A*, 2) A is self adjoint, and 3) Aus — if and only if 
duj = Su> = 0. Let n q (W) = {oj € fl^{W) I Aw = 0}, be the space of the q- harmonic forms. 
Then, we have the Hodge decomposition 

n q (w) = n q (w) © da q - l {w) © Sa q+1 {w). 

All this generalizes considering a bundle over W. In particular, we are interested in the following 
situation. Let p : m(W) — > 0(k, F) be a representation of the fundamental group of W, and let 
E p be the associated vector bundle over W with fibre F fc and group 0(fc,F), E p — W x p F fe . 
Then, we denote by Q(W, E p ) be the graded linear space of smooth forms on W with values in E p , 
namely £l(W, E p ) = 0,(W) <E) E p . The exterior differential on W defines the exterior differential 
on n q {W,E p ), d : n q (W,E p ) -» Q q+1 (W, E p ). The metric g defines an Hodge operator on W and 
hence on n q {W,E p ), * : VL q {W,E p ) -> VL m - q {W, E p ), and, using the inner product (_, .) in E p , an 
inner product on Q, q {W, E p ) is defined by 

(2.4) (w,tj)= / (wA*tj>. 

Jw 

It is clear that the adjoint <$ and the Laplacian A = (d + d)) 2 are also defined on the spaces of 
sections with values in E p . Setting H q (W, E p ) = {to E fl^ q) (W, E p ) | Aw = 0}, be the space of the 
g-harmonic forms, we have the Hodge decomposition 

(2.5) n q {w, e p ) = n q (w, e p ) © dn^iw, Ep) © d)n q+1 {w, e p ). 
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This induces a decomposition of the eigenspace of a given eigenvalue A ^ of A^ into the 
spaces of closed forms and coclosed forms: £^ = £^\ x @ ^i'cci' wnere 

£ xli = e n q (W,E p ) I Aw = Aw, duj = 0}, 
£ xld = e n q (W,E p ) I Aw = Aw, d^oj = 0}. 
Defining exact forms and coexact forms by 

£g x = {w e fi 9 (W,£p) | Aw = Aw, w - da}, 
- e n«(W, Bp) | Aw = Aw, w = d^a}. 
Note that, if A ^ 0, then £j^j = £ A 9 c X , anc ^ ^cci = ^i'cex' an d we nave an isometry 

(2 - 6) A, 1 ,* 

V A 

whose inverse is Also, the restriction of the Hodge star defines an isometry 

★ -J^ q+1 \w) -> dn( Tn -«- 1 )(w), 

and that composed with the previous one gives the isometries: 

1 J. . c(q) . c(m-9+l) 

(2.7) y A 

2.4. Manifolds with boundary. Next consider a manifold with boundary. If W has a boundary 
dW, then there is a natural splitting near the boundary, of AW as direct sum of vector bundles 
AT*dW © N*W, where N*W is the dual to the normal bundle to the boundary. Locally, this 
reads as follows. Let d x denotes the outward pointing unit normal vector to the boundary, and 
dx the corresponding one form. Near the boundary we have the collar decomposition C'oll(dW) = 
(— e, 0] x dW, and if y is a system of local coordinates on the boundary, then (x, y) is a local system 
of coordinates in Coll(dW). The metric tensor decomposes near the boundary in this local system 
as 

g = dx®dx + ge{x), 

where go(x) is a family of metric structure on dW such that gd{0) — i*g, where i : dW — > W denotes 
the inclusion. The smooth forms on W near the boundary decompose as w = w tan + w norm , where 
Wnorm is the orthogonal projection on the subspace generated by dx, and wtan is in C°° (W)®A(dW). 
We write w = wi + dx A w 2 , where uj G C°°(W) <g> A(dW), and 

(2.8) * w 2 = —dx A *w. 
Define absolute boundary conditions by 

-Babs(w) = W norm |aiy = UJ2\dW = 0, 

and relative boundary conditions by 

-E> rc l(w) = LOt&n\dW = ^l\dW = 0. 
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Note that, if u £ f2 9 (W), then i? a b s (w) = if and only if i? re i(*w) = 0, B tc \(lj) = implies 
B rc i{duj) = 0, and S abs (w) = implies B aha ((fi(j) = 0. Let B(w) = B(u) © B((d + $)((*))). Then 
the operator A = (d + d)) 2 with boundary conditions B(oj) — is self adjoint, and if B{uS) = 0, 
then Aw = if and only if (d + <v)u> = 0. Note that B correspond to 

if and only if ( ^°^w = °» 

L {du) nom \dw — U, 

if and only if < f i S a s W \ ^' r, 
\ {d^uj) tan \ aw = 0, 

Let 

U q {W, E p ) = {u G tt 9 (V^, £ p ) | A^u = 0}, 
«2b.(W, ^p) = e n»W E p ) | = 0, B ahs (") = 0}, 

K*(W,E P ) = {ojE ni(W,E p ) I A<t = 0,B iel (Lj) = 0}, 
be the spaces of harmonic forms with boundary conditions, then the Hodge decomposition reads 

ni»(w,E p ) = K ha (w,E p ) © dni- s \w,E p ) © Sn«+l{w,E p ), 

KM E p ) = H g Iel (W, E p ) © dfl^iW, E p ) © dt^+i W Ep y 

2.5. The form valued zeta functions and the analytic torsion. By the results of the previous 
sections, the Laplace operator Aw, with boundary conditions # a b s /rei nas a pure point spectrum 
SpA^g/rci consisting of real non negative eigenvalues. The sequence Sp + A^ s y rcl is a totally regular 
sequence of spectral type accordingly to Section 13.11 and the forms valued zeta function is the 
associated zeta function, defined by 

««. ^s/rel) = C(-, S P+ A» /rel ) = £ 

*es P+ A« /tal 

when Re(s) > ^ (see Propositions 13.21 and I3.3[) . The analytic torsion T abs / ro i((W, g); p) of (W,g) 
with respect to the representation p : tti(W) — > 0(fc, R) is defined by 

-. m 

logT abs/rcl ((W/ 3 ); P ) = -^(-l)^C'(0,A^ s/rcl ). 

9=1 

We will omit the representation in the notation, whenever we mean the trivial representation. 

Theorem 2.1. Poincare duality for analytic torsion 21 . Let (W, g) be an orientable compact 
connected Riemannian manifold of dimension ra, with possible boundary. Then, for any represen- 
tation p, 

\ogT ahs ((W,g);p) = (-l) m+1 logT rcl ((W, g); p). 

We now use results of section [2~3l to define closed, coclosed, exact and coexact zeta functions. We 
again restrict ourselves to the case of a manifold without boundary (see [27] for the case of manifold 
with boundary). By the very definition, we have 

C(s,AW)= dim4 9) A- s =Cci( S ,A^) + Ccci( S ,A^), 

AGSp + A(9> 



(2.9) 



(2.10) 



Babs(w) 



B IC \(u) 
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where 

Cci(«,AW)= dim^A- 8 , 

AGS P+ A<9) 

Cccl( S ,AW)= ^ dim£g cl A^. 

AeSp + A<9) 

Since, by (|2.6[) , Cci( s , A^) = Ccci(s, A^ 1 )), we obtain from the above relations the following 
formulas for the torsion of a closed m dimensional manifold W: 



logT((W,g);p) = - £(-l)V(0, A<«>) =-^(-l)^(0,AW) 

' 9=1 

m— 1 

•^Ec-^Ccci^aW). 



2 ^ v ' ^ v ' ; 2 

gr=l g=l 



9=0 

In particular, using again duality, for an odd dimensional manifold W of dimension m = 2p — 1, 

p— l 

logT((W, 5 );p) = f>l)'&(0, A(9) ) + ^Ci(0, AW) 

(2.11) 

p-2 



= - E(- 1 ) 9 Ccci(0, AW) + ^Ccd(0, A^ 1 )). 



g=0 

2.6. The Cheeger Miiller theorem for manifolds with boundary, and the anomaly 
boundary term of Briining and Ma. In case of a smooth orientable compact connect Rie- 
mannian manifold (W, g) with boundary dW, for any representation p of the fundamental group 
(for simplicity assume rk(p) = 1), the analytic torsion is given by the Reidemeister torsion plus 
some further contributions. It was shown by J. Cheeger in [6], that this further contribution only 
depends on the boundary, namely that 

logT aba {{W,g);p)=logT(W;p) + c(dW). 

In the case of a product metric near the boundary, the following formula for this boundary 
contribution was given by W. Luck [21], where x(^) denotes the Euler characteristic of X, 

logT ahs ((W,g);p) = logr(W;p) + ^ X (dW) log 2. 

In the general case a further contribution appears, that measures how the metric is far from a 
product metric: 

logT abs ((T^ g);p) = logr{W; p) + \xidW) log 2 + A BM (dW). 

A formula for this new anomaly boundary contribution is contained in some recent result of 
Briining and Ma [3J. More precisely, in [3J (equation (0.6)) is given a formula for the ratio of the 
analytic torsion of two metrics, go and g\, 

(2-12) ^Pi§^¥\ = \l (S(Vx)-S(Vo)), 

T &hs ((W,gQ)\p) 2J gw 
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where Vj is the covariant derivative of the metric gj, the forms B(V ' j) are defined as follows, 
according to Section 1.3 of [3] (observe, however, that we take the opposite sign with respect to the 
definition in [3], since we are considering left actions instead of right actions, and also that we use 
the formulas of j3] in the particular case of a flat trivial bundle F). Using the notation of Section 
2.11 (in particular see equation (|2.1[) ). we define the following forms 

^ m—l 

5j = j E - ** w o)ofe A e* k , 

k=l 



(2.13) 



^ m—l 



fe,z=i 

m — l 



2 

fej=l 



Here, Wj are the connection one forms, and Qj, j = 0, 1, the curvature two forms associated to 
the metrics go and g\ , respectively, while O is the curvature two form of the boundary (with the 
metric induced by the inclusion), and {&k\™Zo is an orthonormal base of TW (with respect to the 
metric g). Then, set 



»™-k£r WITT) 



k=l V2 



Taking 171 = g, and go an opportune deformation of <?, that is a product metric near the boundary, 
it is easy to see that (see equation (|4.8[1 of Section I4.2[) 



(2.15) A ^ dW ^^M^¥\ = ll b ^ v ^ 

T & bs((W, go); p) 2 J aw 

and 

(2.16) logT ahs ((W,g);p)=logT(W;p) + )x(dW)log2+l [ B(Vi) 

4 ^ Jaw 



3. Zeta determinants 

In this section we collect some results on the theory of the zeta function associated to a sequence 
of spectral type introduced in works of M. Spreafico [33] [31] [3S] and [37] ■ This will give the 
analytic tools necessary in order to evaluate the zeta determinants appearing in the calculation of 
the analytic torsion in the following sections. We give the basic definition in Section I3.1[ some 
results concerning simple sequences in Section [3. 2 [ the main results for double sequences in Section 
I3.3[ an d we specializes to the zeta functions associated to the Laplace operator on Riemannian 
manifolds in Section I3T41 We present here a simplified version of the theory, that is sufficient for 
our purpose here; we refer to the mentioned papers for further details (see in particular the general 
formulation in Theorem 3.9 of |37) or the Spectral Decomposition Lemma of [35)). 

3.1. Zeta functions for sequences of spectral type. Let S = {a n }^Li be a sequence of non 
vanishing complex numbers, ordered by increasing modules, with the unique point of accumulation 
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at infinite. The positive real number (possibly infinite) 

,. log 

sq = lim sup ; 



log I On I 

is called the exponent of convergence of S, and denoted by e(S). We are only interested in sequences 
with e(S) — sq < oo. If this is the case, then there exists a least integer p such that the series 
En=i a n P ~ 1 converges absolutely. We assume s — 1 < p < s , we call the integer p the genus of the 
sequence S, and we write p = g(S). We define the zeta function associated to S by the uniformly 
convergent series 

oo 

C( s ,s) = 5>- S , 

n=l 

when Re(s) > e(S), and by analytic continuation otherwise. We call the open subset p(S) = C — S 
of the complex plane the resolvent set of S. For all A G p(S), we define the Gamma function 
associated to S by the canonical product 

1 °° / X\ s^l(S) (-1)3 (-A)J 



c 



r ( _A ' 5 ) ,7=i V a « 
When necessary in order to define the meromorphic branch of an analytic function, the do- 
main for A will be the open subset C — [0, oo) of the complex plane. We use the notation 
£<?, c = {z E C | | arg(z - c)| < §}, with c > S > 0, < 9 < w. We use Dg iC = C - E e , c , for the 
complementary (open) domain and Ag, c — dT,g, c = {z G C | | arg(z — c)| = |}, oriented counter 
clockwise, for the boundary. With this notation, we define now a particular subclass of sequences. 
Let S be as above, and assume that e(S) < oo, and that there exist c > and < 9 < it, such that 
S is contained in the interior of the sector Sg iC . Furthermore, assume that the logarithm of the 
associated Gamma function has a uniform asymptotic expansion for large A € Dg tC (S) = C — Se !C 
of the following form 

oo g(S) 

lo g r(-A, S)~J2 «a,.o(-A) a ' + E a M(- A ) fe log(-A), 

j=0 fc=0 

where {a.,} is a decreasing sequence of real numbers. Then, we say that S is a totally regular 
sequence of spectral type with infinite order. We call the open set Dg^ c (S) the asymptotic domain 
of S. 

3.2. The zeta determinant of some simple sequences. The results of this section are known 
to specialists, and can be found in different places. We will use the formulation of [32]. For positive 
real numbers I and q, define the non homogeneous quadratic Bessel zeta function by 



z(s,v,q,l) = J2 J -JT 



k=l 




for Re(s) > 4. Then, z(s, v, q, I) extends analytically to a meromorphic function in the complex 



2 

plane with simple poles ats = |,— 4,— |, The point s = is a regular point and 



(3.2) 



z(0,v,q,l) = -\{v + \ 
z'(0,v,q,l) = -logVM 1 -^. 



ANALYTIC TORSION OF CONES 



13 



In particular, taking the limit for q — > 0, 



3.3. Zeta determinant for a class of double sequences. Let S = {A ni fc}^° fc=1 be a double 
sequence of non vanishing complex numbers with unique accumulation point at the infinity, finite 
exponent sq = e(S) and genus p = g{S). Assume if necessary that the elements of S are ordered 

as < |Ai,i| < |Ai,2| < |A2,i| < We use the notation S n (Sk) to denote the simple sequence 

with fixed n (k). We call the exponents of S n and Sk the relative exponents of S, and we use the 
notation (sq — e(S), s± — e(Sk), S2 = e(S' n )). We define relative genus accordingly. 

Definition 3.1. Let S = {\i,k}^k=i be a double sequence with finite exponents (soi s 1j s 2); genus 
(po,Pi,P2), and positive spectral sector £e , Co . Let U — {un}i^Li be a totally regular sequence of 
spectral type of infinite order with exponent r$, genus q, domain D^.d- We say that S is spectrally 
decomposable over U with power k, length £ and asymptotic domain Dg, c , with c = min(co, d, c'), 
9 = max(6o,4>,6'), if there exist positive real numbers k, £ (integer), c' , and 9' , with < 9' < ir, 
such that: 

(1) the sequence u~ K S n = < — ^ > has spectral sector £#/ c > , and is a totally regular sequence 

I J k=l 

of spectral type of infinite order for each n; 

(2) the logarithmic T-function associated to S n /u* has an asymptotic expansion for large n 
uniformly in A for A in Dg, c , of the following form 

e l 

(3.3) loglX-A.VSn) =$> CTh (AK ff * +Y,Pp l W»n Pl logu n + o(u- r °), 

h=0 1=0 

where ah and pi are real numbers with <jq < ■■■ < at, po < ■■■ < pl, the P Pi (A) are 
polynomials in A satisfying the condition P Pl (0) = 0, £ and L are the larger integers such 
that a i < ?*o and pl < f"o ■ 



log 



2»-2T(v + 1) 



When a double sequence S is spectrally decomposable over a simple sequence U, Theorem 3.9 of 
[37) gives a formula for the derivative of the associated zeta function at zero. In order to understand 
such a formula, we need to introduce some other quantities. First, we define the functions 

poo -, r -At 

(3.4) ®* h (s)= t*- 1 — —^ h (\)d\dt. 

Jo 2tti J Ag c -A 

Next, by Lemma 3.3 of [3 7) . for all n, we have the expansions: 

OO P2 

logr(-A, 5„/<) ~ 53 a aj , , n (-X) a * + £ a fc .i,„(-A) fc log(-A), 

(3.5) 

y ' OO P2 

<t>* h (A) ~ £ b w,o(-X) ai + E b ° h ,k,i(-V k log(-A), 

j=0 k=0 
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for large A in Dg^ c . We set (see Lemma 3.5 of [37]) 





CO 

4>,o(*) = £| 




-£* 


(3.6) 


n=l 
oo 


f 






n=l 


V 


-E*< 

/t=0 



We can now state the formula for the derivative at zero of the double zeta function. We give 
here a modified version of Theorem 3.9 of [57], more suitable for our purpose here. This is based 
on the following fact. The key point in the proof of Theorem 3.9 of [37] is the decomposition given 
in Lemma 3.5 of that paper of the sum 

oo 

T(s, A, S,U) = J2 u n KS log r(-A, u- K S n ), 

71 = 1 

in two terms: the regular part V(s, A, S, U) and the remaining singular part. The regular part is 
obtained subtracting from T some terms constructed starting from the expansion of the logarithmic 
Gamma function given in equation (I3.3[) . namely 



P(s, A, S, u) = T(s, A, S,U)-J2 ( A K CTh - E P P' ( A X P! lo § w «- 

h=0 1=0 

Now, assume instead we subtract only the terms such that the zeta function £(s, U) has a pole 
at s = (T/j or at s = pi. Let V(s, A, 5, U) be the resulting function. Then the same argument as the 
one used in Section 3 of [37] in order to prove Theorem 3.9 applies, and we obtain similar formulas 
for the values of the residue, and of the finite part of the zeta function £(s, S) and of its derivative 
at zero, with just two differences: first, in the all the sums, all the terms with index such that 
s = <Jh is not a pole of £(s, U) must be omitted; and second, we must substitute the terms ^0^(0) 
and A' Q 1 (0), with the finite parts of the analytic continuation of Ao,o(s), an d A' Q 1 (s). The first 
modification is an obvious consequence of the substitution of the function V by the function V . The 
second modification, follows by the same reason noting that the function A ajy k{s) defined in Lemma 
3.5 of |37) are no longer regular at s = themselves. However, they both admits a meromorphic 
extension regular at s = 0, using the extension of the zeta function £(s, U), and the expansion of 
the coefficients a ajt k,n for large n. Thus we have the following result. 

Theorem 3.1. The formulas of Theorem 3.9 of |37j hold if all the quantities with index ah such 
that the zeta function £(s, U) has not a pole at s = o~h are omitted. In such a case, the result must 
be read by means of the analytic extension of the zeta function £(s, U). 



Next, assuming some simplified pole structure for the zeta function £(s,i7), sufficient for the 
present analysis, we state the main result of this section. 
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Theorem 3.2. Let S be spectrally decomposable over U as in Definition \3.1l Assume that the 
functions <fr ah (s) have at most simple poles for s = 0. Then, £(s, S) is regular at s — 0, and 

1 1 

C(0, S) = - A OA (0) + - V Re Sl (s) Re Sl C(s, U), 
K h=Q s =o 

l 

C'(0, S) = - A ,o(0) -4^(0) + ^ Re Sl $ ffh (s) Re Sl C(s, C7) 

+ - V Res <$>a h (s) Resi C(s, f/) + V Resi (s) Res C(«, U), 

/i— ft— 

where the notation ^2' means that only the terms such that £(s, U) has a pole at s = cr n appear in 
the sum. 

This result should be compared with the Spectral Decomposition Lemma of [35] and Proposition 
1 of [36]. 

Remark 3.1. We call regular part of £(0,5*) the first term appearing in the formula given in the 
theorem, and regular part o/£'(0, S) the first two terms. The other terms gives what we call singular 
part. 

Corollary 3.1. Let — {\j),n,fc}$rfc=i> 3 — 1, J, be a finite set of double sequences that 
satisfy all the requirements of Definition \3.1\ of spectral decompos ability over a common sequence 
U, with the same parameters k, I, etc., except that the polynomials P^ p (X) appearing in condition 
(2) do not vanish for A = 0. Assume that some linear combination Sj=i c jP(j).p(^)' with complex 
coefficients, of such polynomials does satisfy this condition, namely that ^2j=i c jP(j),p(ty = 0- 
Then, the linear combination of the zeta function X)j=i c jC( s i ^(j)) * s "regular at s = and satisfies 
the linear combination of the formulas given in Theorem \3.2\ 

3.4. Zeta invariants of compact Riemannian manifolds. We recall in this section some known 
facts about zeta invariants of a compact manifold. We will rewrite such results in the terminology 
of zeta functions associated to sequences of spectral type just introduced. Our main reference are 
the works of P. Gilkey, in particular we refer to the book [13] . 

Let (W, g) be an orientable compact connected Riemannian manifold of dimension to, with 
metric g. Let denote the metric Laplacian on forms on W, and SpA^ = {A„}^ (Ao = 0) 
its spectrum. Then, there exists a full asymptotic expansion for the trace of the heat kernel of 
for small t, 



(3.7) 



Tr 



L 2e 



-tA l 



J=0 



where the coefficients depend only on local invariants constructed from the metric tensor, and are 
in principle calculable from it. 
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Proposition 3.1. 



e g ,o = , ts \ ) I dvolg, 



(47r)~ 



e - 2= 6^)¥ ((T)- 6 (7-l 2)) 1 r ' / ''" / "" 



I / / m\ fm — 2\ (m 



e g ,4 



360(4tt)- v V?y vp- 2 



51 |-60| . ) + 1801 „ I I / r z dvol 

w 



a 

w 



-30 ) + 180 „ / LR 2 dwZ„ 



360(4tt)t V \qj V 1 ?- 1 / VP- 2 , 

Proposition 3.2. The sequence Sp + A^) of the eigenvalues of the metric Laplacian on forms on 
a compact connected Riemannian manifold of dimension m, is a totally regular sequence of spectral 
type, with finite exponent e = genus g = [e], spectral sector £g. c with some < c < Ai, 
e < 8 < j , asymptotic domain Dg c = C — Se.c, and infinite order. 

Proposition 3.3. The zeta function £(s, Sp + A^ 9 ^) has a meromorphic continuation to the whole 
complex plane up to simple poles at the values of s — ""^ , h = 0, 1, 2, ... , that are not negative 
integers nor zero, with residues 

Res ls= ^ C(«,Sp + A(*>) = j^y, 

the point s = —k = 0, — 1, —2, . . . are regular points and 

C(0, Sp + A<«>) = e q>m - dimkcrA(«), 
C(-fc,Sp + AW) = (-l) k k\e q . m+2k . 



4. Geometric setting and Laplace operator 

4.1. The finite metric cone. Let (W, g) be an orientable compact connected Riemannian manifold 
of finite dimension m without boundary and with Riemannian structure g. We denote by CW the 
cone over W, namely the mapping cone of the constant map : W — > {p}. Then, CW is compact 
connected separable Hausdorff space, but in general is not a topological manifold. However, if we 
remove the tip of the cone p, then CW — {p} is an open differentiate manifold, with the obvious 
diffcrentiable structure. Embedding W in the opportune Euclidean space R , and R fe in some 
hyperplane of M, k+h , with opportune h, disconnected from the origin, a geometric realization of 
CW is the given by the set of the finite length I line segments joining the origin to the embedded 
copy of W. Let x the euclidean geodesic distance from the origin, if we equip CW — {p} with the 
Riemannian structure 

(4.1) dx®dx + x 2 g, 

this coincides with the metric structure induced by the described embedding. We denote by C^ i^W 
the space (0,1] x W with the metric in equation ()4.1|) . We denote by CiW the compact space 
C(o,i]W = C(q } i]W U {p}. We call the space C[W the (completed finite metric) cone over W. We 
call the subspace {1} x W of C{W , the boundary of the cone, and we denote it by dCiW . This is 
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of course diffeomorphic to W, and isometric to (W,l 2 g). For the global coordinate x corresponds 
to the local coordinate x' = I — x, where x' is the geodesic distance from the boundary. Therefore, 
go(x') = (I — x) 2 g, and if i : W — > C( 0) ;] W denotes the inclusion, i*(dx £g> dx + x 2 g) = gd(0) = l 2 g. 
Following common notation, we will call (W, g) the section of the cone. Also following usual 
notation, a tilde will denotes operations on the section (of course g = g), and not on the boundary. 
All the results of Section [2T4l are valid. In particular, given a local coordinate system y on W , then 
(x, y) is a local coordinate system on the cone. 

We now give the explicit form of *, d) and A. See [7] [8] and [25] Section 5 for details. If 
w G Sl q (C m W), set 

u(x,y) = fi(x)wi(y) + f 2 (x)dx Au 2 (y), 
with smooth functions /i and /2, and uij € £l(W). Then a straightforward calculation gives 

(4.2) *u(x,y) = x m ~ 2 " +2 f 2 (x)iu> 2 (y) + {—\) q x m ~ 2q f\(x)dx A *uii(y), 

du(x,y) = fi(x)duji(y) + d x f 1 (x)dx A Ui{y) - h{^)dx A duj 2 {y), 

(4.3) d^(x, y) = x- 2 h{x)d}^{y) - ((m - 2q + 2)x~ 1 f 2 (x) + d x f 2 (x)) uj 2 (y) 

- x~ 2 f 2 (x)dx A d^u 2 (y), 

Auj(x,y) = (-d 2 x fi(x) - (m-2q)x~ 1 d x f 1 (x)) Ui(y) + x~ 2 f 1 (x)Auj 1 (y) - 2x^ f 2 {x)duj 2 (y) 

(4.4) + dx A (x- 2 f 2 {x)Kuj 2 {y) + u 2 (y) (-d' 2 f 2 (x) - (m - 2q + 2) X - 1 d x f 2 {x) 

+ (m-2q + 2)x- 2 f 2 {x)) -2x- 3 /i(z)<*V(y)) • 



4.2. Riemannian tensors on the cone. We give here the explicit form of the main Riemannian 
quantities on the cone. All calculation are based on the formulas given in Sections l2.2l and [2~!6l Recall 
that a tilde denotes quantities relative to the section, that we have local coordinate (x, y\,-.. ,y m ) 
on CiW, and that the metric is 

<?i = dx ® dx + x 2 g. 

Let {bk}™ = i be a local orthonormal base of TW, and {&fe}5JLi the associated dual base. Then, 

e = d x e* = dx, 

efe = -bk, et = xbt, 1 < k < m. 

x 

Direct calculations give Cartan structure constants 

Cjko = 0, 1 < j, k < m, 

Ski * ^ u r s 

cqu = -Cfco; = , 1 < k, I < m, 

1 < j,k,l < m. 





Ski 




X 


1 






Cjkl 


X 
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The Christoffel symbols are 

T okl = 0, 1 < k,l < m, 

Tjak = -Tjko = — , 1 < j, k < m, 

Tju = jki, 1 < j, k,l < to. 

The connection one form matrix relatively to the metric g± has components 
£*>i,oo = 0: 



ui,jk = ^2 Thk i e h = ~ X] f «y e fc = X^ ffcfci^ = Wj-fc, 1 < j, fc < m. 

h=l h=l h=l 

To compute the curvature we calculate 

rn rn 

duJiflj = -y]Q9ifr*) Adyi = - ^ (dib k j)dy k A <fy z , 



z=i i,fe=i 
where 6* = X)[-Li bkjdyk, and, for 1 < A; < m, 

duJi.jk — dojjk] 

while 

m m m 

-(wi A wi) fe0 = (wi A wi) fe = X] w i.oi A wi >tt = ^ w i,oi A = - 2J &* A w ife , 

i=0 !=1 i=l 

m m 

(wi A = X^^iJ' A u hlk = "i,jo A wi, ft + ^ A Ldi t ik = -bj Ab* k + (ui Auj) 

1=0 1=1 

for 1 < j, k < m. The curvature two form has components 
^1,00 = 0, 

m m 

Oi, j = - 2J {dib k j)dy k Adyi-^ b l Aui k , 1 < j < m, 

i,fc=i i=i 

^l.jfc = dwjfc - i»* A 6J! + (w A = Qjk - b* A b* k , 1 < j,k < m. 

Next, considering the metric go — dx ® dx + g, similar calculations gives: 

. , Uo,oj =0, < j < to, 

(4.6) 

uo,jk=tijh, l<j,k<m. 

By equations (|475|) and (l4~6|) . 



* lit j III lib 

(4-7) S 1 = --J24^et = --J2blAbt = --J2K^4, 



k=l k=l k=l 



(4.8) 5 = 0. 
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We also need the curvature two form G on the boundary dC{W. A similar calculation gives 
Note in particular that it is easy to verify the equation (1.16) of 3 : = — 2Sf. For 



I 2 ^ 



2S( = -~ > b'AbtAb'Abl, 



' — — — > si > \ i i . \ , , . 

" 3,k=l 
12 m 



while (i*0)jfe = &jk - b* A &£, gives 

/ 2 



Q jk -b*Ab* k } Ab*Ab* k . 



J K j J 

J,k=l 

4.3. The Laplace operator on the cone and its spectrum. We study the Laplace operator on 
forms on the space C{W . This is essentially based on [8] and [5]. Let denote by C the formal differen- 
tial operator defined by equation (14.4)) acting on smooth forms on C(oj]W, r(CV/]W, AT*C(onW). 
We define in Lemma 14.11 a self adjont operator A acting on L 2 {C{W, A^C{W), and such that 
Alo = Clo, if lj G domA. Then, in Lemma l4.2| we list all the solutions of the eigenvalues equation 
for C. Eventually, in Lemma 14.31 we give the spectrum of A. 



Lemma 4.1. The formal operator C in equation with the absolute /relative boundary con- 

ditions given in equations 12.9\) / ![2.10\) on the boundary dC{W defines a unique self adjoint semi 
bounded operator on L 2 (CiW, A^T*CiW), that we denote by the symbol A a b s /A re i, respectively, 
with pure point spectrum. 

Proof. Let denote the minimal operator defined by the formal operator £S q \ with domain 
the g-forms with compact support in C^nW, namely domL^* 1 — Fo(C(o,i] W, KT*C(nnW). The 
boundary values problem at the boundary x = I, i.e. dCiW, is trivial, and gives the self adjoint 
extensions stated. The point x — requires more work. First, note that reduces by unitary 
transformation to an operator of the type 

(4.9) D* + ^, D = -i* 

x z dx 

where A{x) is smooth family of symmetric second order elliptic operators [3] pg. 370. More precisely, 
the map 

tp q : C™((0,l},A iq) T*W x A^-^T*W) -> C°°(C m W,A^T*C m W), 

il> q : (uj {q) , w^- 1 )) h> x q - m/2 n*cj^ (x) + x^ 1 "" 1 / Vu/ 9 " 1 ) [x) A dx, 

where 7r : CmnW — > W, is bijective onto forms with compact support. Moreover, ip q is unitary 
with respect to the usual L 2 structure on the function space T{Ci W, A^T*CiW) and the Hilbert 
space structure on ^([0,1], A^T*W x A^-^T*W) given by 



(\\^ q Hx)\\ 2 A(q)T , Wg + Uwfe-^aOlftc.-,)^ 



dx. 
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Under the transformation ip q , L^ q ' has the form in equation (|4.9p . with A(x) the constant smooth 
family of symmetric second order elliptic operators in T(W, A^T*W x A^ q ^T*W): 

A(x) = A(0) = + (T "«) (f - «~ 1) . 2 (-!)^ 



2(-l)«<? A(«- 1 ) + (f +2-g)(f + l-g) 

Next, by its definition, A(x) satisfies all the requirements at pg. 373 of [5], with p — 1 (in 
particular this follows from the fact that A(x) is defined by the Laplacian on forms on a compact 
space). We can apply the results of Briining and Seeley [I] 0, observing that in the present case 
we are in what they call "constant coefficient case" (Section 3 of [5]). By Theorem 5.1 of [5], the 
operator L extends to a unique self adjoint bounded operator A^- q \ Note that this extension is the 
Friedrich extension by Theorem 6.1 of [S]. Note also that bundary condition at x — are necessary 
in general in the definition of the domain of A^ q \ see (L2) (c), pg. 410 of [5] for these conditions. 

Eventually, by Theorem 5.2 of [5], the square (here p = 1, so m = 2) of the resolvent of A^ is 
of trace class. This means that the resolvent is Hilbert Schmidt, and consequently the spectrum of 
A' ? ) is pure point, by the spectral theorm for compact operators. Note that we do not need the 
cut off function 7 appearing in Theorem 5.2 of [5], since here < x < I. 

□ 

Lemma 4.2. 8 Let {^al n> Vcex,«, yix,«} be an orthonormal base ofT(W, A^T*W) consisting of 
harmonic, coexact and exact eigenforms of A^ on W . Let A 9i „ denotes the eigenvalue o/^cex.n and 
m ccxqn its multiplicity (so that m ccxqn — dimfcex.n = dim.£^ ). Let J„ be the Bess el function 
of index v. Define 

a q = -(l + 2q-m), 



f^q,n — \J ^q,n ^q- 

Then, assuming that \i q , n is not an integer, all the solutions of the equation Au — \ 2 u, with 
A 7^ 0, are convergent sums of forms of the following six types: 

v4 9) 2 ,„,A =^ aq - 1 J±^A^W^ + d x {x a ^j ± ^ n {\ x ))d X a 4 q -$ 



r± w =x^-^d x {x-^j ± ^ n {\ x ))d v 



ccx.n 



■ x^-^J^JXxjdx A $dtp&$ 



=x a "- 2+1 J ±flq _ 2 J\x)dx A d4lZ$ 

i>%,X =d x (x a ^J ±laq _ ll (\x))dx A 

When \i q _ n is an integer the — solutions must be modified including some logarithmic term (see 
for example [39] for a set of linear independent solutions of the Bessel equation). 

Proof. The proof is a direct verification of the assertion, using the definitions in equations (|4.2p . 
(|4.3p . and (|4.4p . First, by Hodge theorem, there exist an orthonormal base of hS q >T*W as stated. 
Thus, we decompose any form lo in this base. Second, we compute Aw, using this decomposition and 
the formula in equation (|4.4p . This gives some differential equations in the functions appearing as 
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coefficients of the forms. All these differential equations reduce to equations of Bessel type. Third, 
we write all the solutions using Bessel functions. A complete proof for the case of the harmonic 
forms can be found in [25] Section 5. □ 

Note that the forms of types 1 and 3 are coexact, those of types 2 and 4 exacts. The operator 
d sends forms of types 1 and 3 in forms of types 2 and 4, while S sends forms of types 2 and 4 in 
forms of types 1 and 3, respectively. The Hodge operator sends forms of type 1 in forms of type 4, 
2 in 3, and E in 0. 



Corollary 4.1. The functions + in Lemma are square integrable and satisfy the boundary 
conditions at x = defining the domain o/A rc i/ abs . The functions — either are not square integrable 
or do not satisfy these conditions. 

Remark 4.1. All the — solutions are either not square or their exterior derivative are not square 
integrable. Requiring the last condition in the definition of the domain o/A rc i/ abs , it follows that 
there are not boundary conditions at zero. This was observed by Cheeger for harmonic forms when 
the dimension is odd in 8 Section 3. 

Lemma 4.3. The positive part of the spectrum of the Laplace operator on forms on C{W , with 
absolute boundary conditions on dCiW is: 

S P+ A ibs = {^ccx, 9 ,n : 3l q , n , aq , k /l 2 ) n fe=i U {m ccx , 9 _ 1: „ : ]l q _ 1>n , a<l _ uk /l 2 } n fe=j 
U {m cex , g _ 1)n : Jl q _^, k /l 2 \ n k=i U (m 3 _ 2l „ : J^JI 2 \ ^ 

( * ~\ OG r A 'i CO 

U (m har , g , : j\ aqlaq , k /l 2 \ k=i U |m ha r, g -i,o : j\a q ^\, aq ,k/ 1 } fe=J ■ 
With relative boundary conditions: 

U {m cox ,,_ lin : C s 1 ,„,_ Q9 _ 1 , fe /r 2s )^ =i U {m cex , g _ 2 ,„ : CV«.-««-..*/ r j niJfe=1 

U {m h ar,g = 3\a q \,k/l } k=1 U {m ha r, g -l : J|a,_i|,*/* } fc=1 , 

where the j^. k are the zeros of the Bessel function J^x), the j^.c.k are the zeros of the function 
J[_i(x) = cJ^(x) + xJ'^{x), c € R, a q and [i q . n are defined in Lemma \4-S\ 

Proof. By the Lemma |4~T1 Lemma [4T21 and its corollary, we know that the + solutions of Lemma |4~21 
determine a complete system of square integrable solutions of the eigenvalues equation A^u = Xu, 
with A 7^ 0, satisfying the boundary condition at x = 0. Since A^ B , rel has pure point spectrum, 

in order to obtain a discrete resolution (more precisely the positive part of it) of A^ , el , we have 

to determine among these solutions those that belong to the domain of A^ , rel , namely those that 
satisfy the boundary condition at x = I. We give details for absolute BC, the analysis for relative 
BC is analogous. So consider absolute BC, as given in equation (|2.9p . For a form of type 1 to 
satisfy this condition means 

i.e. 

a q J Mt JXl)+XlJ'JXl) = Q, 
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and this gives A = n , a „,k/l- For forms of type 2, we get 
that gives 

a(9-l)^- 1 ,„(A0 + A«j; 9 _ lti (A/) = 0, 
so A = J Mn (i-i),fe, a (i-i)/Z. For forms of type 3, we obtain the system 

r s««-^- i J M ,_ liB (Ax)| a=I = o, 

i 9, (z^-i+^Or-^-i J Mg ,„ (Ai))) - Ax^-i- 1 J M9 _ l n (Ax) 



0. 



Using classical properties of Bessel functions and their derivative, we obtain A = jn-_ lt n,k/l- For 
forms of type 4, we get 



x 



a„_ 2 +l 



J/* s _a,n,fe(A/)| r _ i - 0, 



that gives A = jfi q _ 1 . n ,k/l- Similar analysis gives for forms of types E and O: A = i|oi |,fe,a,/^ an d 
A =5'|a,_i|,fc,a«-iA' respectively. 

□ 

We conclude with the harmonic forms of A. The proofs are similar to the previous ones, so will 
be omitted. 

Lemma 4.4. [8] [25] With the notation of Lemma \4-S\ and 

then all the solutions of the harmonic equation Aw = 0, are convergent sums of forms of the 
following four types: 

r±,l,« — X rccl.n' 

,d<l) — r a±,,_i,„ J (9-1) , /±,,-l,n-lJ T i J?" 1 ) 

Lemma 4.5. Assume dimW = 2p — 1 is odd. Then 

*»w-\Z m °< ? <L _1 ; 

[{0}, P<q<2p-l. 

U" (C,W) = l { ° h 0<q<p, 
rolV ; [{i^'-^A pte" 1 ),^?- 1 ) e , p+l<<7<2p. 

Proof. First, by Remark 14. 1| we need only to consider the + solutions in Lemma 14.41 The proof 
then follows by argument similar to the one used in the proof of Lemma 14.31 Let see one case in 



details. Consider ip+\ „ = x a +-"- n ip'fj n , where a+, 9 ,« — a q + /it g ,„. In order that ip+ i n satisfies the 



absolute boundary condition (|2.9p . we need that 



dCi W 

and this is true if and only if a+,q,n = 0. The condition a+,q,n = is equivalent to the conditions 
Ag, n = 0, and a q = -\a q \. Therefore, <^ci,n is harmonic, < q < p— 1, and V'+,i.„ = Vccl.n- 
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□ 

5. Torsion zeta function and Poincare duality for a cone 

Using the description of the spectrum of the Laplace operator on forms , rel given in Lemma 
14.31 we define the zeta function on q- forms as in Section 12.51 by 

C(^A^ /rel )= £ A-, 

for Re(s) > Even if we can not apply directly Proposition 13.21 the explicit knowledge of 

the behaviour of the large eigenvalues allows to completely determine the analytic continuation of 
the zeta function, by using the tools os Section 13.31 In particular , it is possible to prove that 
there can be at most a simple, pole at s = 0. We will not do this here (but the interested reader 
can compare with |37j). because for our purpose it is more convenient to investigate the analytic 
properties of other zeta functions, resulting by a suitable different decomposition of the analytic 
torsion, as described here below. For we define the torsion zeta function by 

m+l 

U 8 /rel( S ) = 2E(- 1 )^,AW /rel ). 
9=1 

It is clear that the analytic torsion of C{W is (in the following we will use the simplified notation 
T(dW) forT((CW, 3 );p)) 

logT abs/rel (QW)=t , abs/rel (0). 
Our first result is a Poincare duality (compare with Proposition [2J] [21] and the result of |10|). 

Theorem 5.1. Poincare duality for the analytic torsion of a cone. Let (W,g) be an ori- 
entable compact connected Riemannian manifold of dimension m, with possible boundary, then 

logT abs (CW) = (-l) m logT rcl (tW). 

Proof. By Hodge duality in equation (|2.7|) . the Hodge operator 7k- sends forms of type 1, 2, 3, 4, E, 
and O into forms of type 4,3,2,1,0, and E, respectively. Moreover, * sends g-forms satisfying 
absolute boundary conditions, as in equation (|2.9I) . into m+l — q- forms satisfying relative boundary 
conditions, as in equation (|2.10[) . Therefore, using the explicit description of the eigenvalues given 
in Lemma Ol it follows that SpA^ s = SpA^™ +1 ~ 9) . Using the formulas in equations ((472]), (|L3|) . 
and (|4.4p . and the eigenforms in Lemma |4T2j a straightforward calculation shows that the forms of 
type 1, 3, and E are coexact, and those of type 2, 4, and O are exact, and that the operator d sends 
forms of type 1, 3, and E in forms of type 2, 4, and O, respectively, with inverse rft. Then, set 

^ci'abs = {^ccU.n : J^^k/l } njfc=1 U |m cc i, g _ 1)n : j^ q _ 1>n , k /l \ ^ 

( * 1 °° 

u|m ccLg , ■j\ aq \, aq Ml l2 \ k=1 ; 

F lllbs = {™ c l,<r-l,„ : Jl q - 1 , n ,a q - 1 .k/ l2 } n k=1 U {m c l, g -2,n ■ J^_ a .„,fc /?} ^ fe=1 

U {m c i,,_i, : jfa^i^.uk/l 2 }^- 
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^cdabs ^ S ^he se ^ °^ the eigenvalues of the coclosed g-forms with absolute boundary conditions, 
and i^fabs * s tne set °f the eigenvalues of the closed g-forms with absolute. Since obviously SpA^ s = 
^itabs U F c ( ^ bs , and Fg abs = Fj$£, we have that 

m+1 m+1 



9=0 cf=0 
-, m+1 
= (-inrel(s) + -(m + 1) E (-l) m+1 - 9 C(5, *<«>) 



9 =0 
m+1 

= (-in re i( S ) + -(m+i)E (c(«, ^ctbl) + c(«, 

9=0 

= (-ir< rcl ( s ). 

Since by definition logT a b s (W) = i abs (0), the thesis follows. 

□ 



6. The torsion zeta function of the cone over an odd dimensional manifold 

In this section we develop the main steps in order to obtain the proof of our theorems. This 
accounts essentially in the application of the tools described in Section[3?3]to some suitable sequences 
appearing in the definition of the torsion. So our first step is precisely to obtain this suitable 
description. This we do in this section. In the next two subsections, we will make the calculations 
necessary for the proof of our main theorems. 

We proceed assuming dimVy = 2p — 1 odd, and assuming absolute boundary condition; for 
notational convenience, we will omit the abs subscript. 



Lemma 6.1. 



_ 5-2s _ :-2 S 

k J fi q „,a q ,k J ttq,n,— OL q ,k / 

q—0 \n,k—l 



q=0 \n,k=l 
lis I 00 

+ (-ir x T E "w-i.nfex.fc-oVx.-.*)" 3 *) 

\ n,k=l 

q=0 k=l 



Proof. Using the eigenvalues in Lemma 

oo oo oo 

n.k— 1 n.k— 1 n.k— 1 



OO OO 



E- — 2s \ T "—2s \ T "- — 2s 

n,k— 1 A'— 1 A'— 1 
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Since for each fixed g, with < q < 2p — 2, 

oo oo 

(-iy q e ^ce X , 9 ,„j- 2 :, a „ fc + (-i) 9+1 (9+i) E TO ™j- 2 :, Q „ fc 

n,k— 1 n : k— 1 

oo oo 

+ (-l)«+i(g + l) £ m C0WiJ ^ ife + (-i)«+ 2 ( g + 2) E rn ce ^J-H k 

n.k 1 n.k— 1 



5-2a 

fc=l fe=l 



=(-i)« £ '"..x,;.,./,,;-., £ "^w,,..^ +(- 1 ) 9+1 E m '^?^i4U, fe - 

\ ro,/c=l n,fc— 1 / k— 1 

it follows that 

. 2s 2p— 2 oo ,2s 2p— 1 oo 

9=0 n,fc=l 9=0 fc=l 

Next, by Hodge duality on coexact g-forms on the section (see equation (|2.7p ) X q „ = \2p-2-q,; 
and recalling the definition of the constants a q and [i qt n in Lemma l4.2| we have that a q = i(l 
2g-2p+l)=g-p+l = -02^-2-95 and jUq !ri = M2 P -2-g,n- Thus, fixing g with < q < p - 2, 

00 00 

E mcox >9.» (?He,l,k ~ i/i, 2 !,Q, : fc) + (~1) (2P 2 ?) E mccx .9.™ (j^,l,k ~ ifi^t-a^k 
n,fc=l n,fc=l 
00 



=(-i)« E ™ce X , 9 ,„(2j; ? 2 : i 



•-2s _ "— 2s 

,fc ^q,n,a q ,k ■> p qn , — a q ,k 

n,k—l 



while when g =p — 1, A p _i )n = ^2p-i-(p-i),n, an d a 9 = 0. Therefore, 



q—0 n,k=l 
]2s 00 

+ (- 1 ) p ~ 1 T E '"ccp-i.fC.i-ov,^) 



-2s 

fe.n,- a„,k 



n,fc=l 
,2s 2 P-! 00 

+ t E E ™i-, 9 ,oi|- 2 J, Q9 , fe . 

9=0 fc=l 

Eventually, consider the sum 

2p-l 00 

E (-!) 9+1 E TO har,9,oj|~ 2 |, a?ife - 
9=0 fc=l 

We will use some classical properties of Bessel function, see for example [39 . Recall m = 
dim W = 2p—l, and therefore a q = q— p+l is an integer. Moreover, a q is negative for < q < p— 1. 
Fixed such a g, we study the function J- aq ,a q {z) — a q J- aq {z) + zJ'_ aq {z). Since 
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it follows that j- aqtCtq (z) = -zJ- aq+1 (z) = -zJ - aq _ x {z), and hence j\ aq \, aq ,k = j-a q - u k- Next, 
fix q with p — 1 < q <2p — 1, such that a q is a positive integer. Then, since 

zJ'^z) = zJ^-i{z) - fiJ^z), 

the function J aq ,a q {z) = a q J aq (z)+zJ' aq (z) coincides with zJ aq -i(z), and hence j\ aq \, aqt k = ja q - lt k- 
Note that when q = p - 1, a p _i = and hence ia p _i,a p _i,fe = j fc = ii.fc- Summing up, 



2p-l oo p-2 



Whar,p-1,0 



E E ^^u,* -E(-d 9+1 E 3?^ + E , , 

9=0 fe=l 9=0 fe=l J-a q -l,k fe = l -/l,fc 

2p-l oo 

+ E(- 1 ) 9+1 E ! ^r M ' 

9=p fc=l Jot q -i,k 

and since by Hodge duality m 9j0 = TO2 P _i_ g> o, 

p— 2 oo oo 

= E(- 1 ) 9+1 E mhar .^-«"- 1 ,fc + (-i^E^-.f-LoiJ 8 

9=0 fe=l fc=l 

p— 1 oo 

+ E(-!) 2p ^ E ^a r ,2p-i- 9 ,oj- 2 ;_ 2 _„ fc 

g=0 fe=l 

p—2 oo oo p— 1 co 

+ Et- 1 )^ 1 E ^ ar ,9,0i^_ lifc + (-If E "Wp-l^J 8 + E(-!) ? E ™har,9,o£^, fe 
9=0 fe=l fc=l 9=0 fe=l 

p— 1 oo 
9=0 fe=l 

Since mh ar ,9,o = r:YH q {dCiW; Q), this completes the proof. 
It is convenient to introduce the following functions. We set 

oo 

n,k—l 

oo 



□ 



(6.1) /! 



^?( S )= E TO ccx,g,n(j^„, fe ) 2S , 
n.k.— l 

CO 

n,k— 1 

co 

^w=E(j-i-i,fc-j-i,*)' 



*;=i 

for < g < p — 1, and 

, 62 ^ Vi( s ) = ^p-i( s ) - 2p-i(s), 

t g (s) = 2Z,(«)-.Z, i+ (*)-Z, i _(*), 0<<z<p-2. 
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Then, 



9=0 

i2s P- 1 

= y E(-i)%00 - Y E(-l) 9 rkW 9 (0CW; Q)z q (s), 

9=0 9=0 

logT(QW) = t'(0) J^f- V,(0) + E(-1)%(0) ) 

Vg=0 9=0 / 



and 



(6.3) 



Vg=o 9=0 / 



where r q — rkH q (dCiW; Q). In order to obtain the value of \ogT(CiW) we use Theorem [22] and its 
corollary applied to the functions z q (s), Z q (s), Z q (s), Z 9i ±(s). More precisely, the functions z q were 
studied in Section 13.21 and we will study the functions t q in Sections 16.11 and 16.21 and eventually 
we sum up on the forms degree q in Section [7J 

6.1. The function £ p _i(s). In this section we study the function i p _i(s). For we apply Theo- 
rems [371] and [32] to the double sequences S p -\ = {m p _i^ n : jf lpl n k\n=\ anc ^ &p-i — { m p-i,n ■ 
U'np-i, n ,k) 2 }^=ir since z p-i( s ) = C{s,S p -i), Z p -t(s) = C(s,5 p _i). First, we verify Definition [3J] 
For we introduce the simple sequence U p -i — {m p _i „ : /Xp_i !n }^L x . 

Lemma 6.2. The sequence U p -i is a totally regular sequence of spectral type with infinite order, 
e(U p -i) = g(U p -i) = 2p — 1, and £(s,C7j,_i) = ( cex ^|,A^ -1 ^, with possible simple poles at 
s = 2p- 1 - h, h = 0,2,4, ... . 

Lemma 6.3. The logarithimic Gamma functions associated to the sequences S p ^i >n / Mp-i „ and 

minfl^ ,<j'„ ) 2 ) 



"Sp— i,n/Mp— i n ^ aw e the following representations, with X € Z?e,c; < 9 < tt, c — "iji? 



p— 1,1 



logr(-A,5 p _i : „//x J) _ 1 



log n( 1+ <_^=M 

fe=X \ ->ti p -i, n ,k ) 



1 °g- r Mt>-i,*.(X>-l,n'^-^) + (Mp-l,n) logV^ 

/ip_i, n log(/x p _i,„) - ^ p _i in log2 - logr(/i p _x in + 1), 



\0gV(-X,S p -i, n /fJ,l_ hn ) = - 



lo s-C_i,„(A t p-i,nV =: A) + (mp-i,™ - ^logv 73 ^ 

^p_i )tt log(/ip_i )n ) - ^ p _i in log2 - logr(^ p _i jn + 1). 
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Using the expansions of the Bessel functions, it follow from Lemma T6. 31 that there is a complete 
asymptotic expansion for the functions logr(— A, S p -x >n / Mp-i n ) an d logr(— A, S p -x >n / fJ> p _x „), and 
then the sequences S p -x,n/ fJ> p -x,n and S p -i. n / fi p _ 1 n are sequence of spectral type. A simple 
calculation shows that they are totally regular sequences of infinite order. 

Proposition 6.1. The double sequences S p -i and S p -i have relative exponents (p, 2p ~ 1 , i), relative 
genus (p,p — 1, 0), and are spectrally decomposable over U p -i with power k = 2, length £ = 2p and 
domain Dg c . The coefficients ah appearing in equation L3. 3\) are ah = h — 1, with h = 0, 1, . . . ,£ = 
2p. 

Proof. The values of the exponents and genus of S follow by classical estimates of the zeros of the 
Bessel functions [39] . and zeta function theory. In particular, to determinate Sq — p, we use the 
Young inequality and the Plana theorem as in [31]. Note that a > ^, since Si — \- The exponents 
and genus of S are the same, since the zeros of the derivative of the Bessel function are correlated by 
those of the Bessel function, namely j^k < f k < j^k+i- As observed, the existence of a complete 
asymptotic expansion of the Gamma function logr(— A, S p -i. n ) and log r(— A, S p -x,n) follows by 
Lemma 16.31 This implies that S p -i iU and S p -x, n are sequences of spectral type. A direct inspection 
of the expansions shows that S p -x,n and S p —x, n are totally regular sequences of infinite order. The 
existence of the uniform expansion follows using the uniform expansions for the Bessel functions 
and their derivative given for example in [26] (7.18) and Ex. 7.2, and classical expansion of the 
Euler Gamma function [14] 8.344. We refer to [17] Section 5 or to [18] Section 4 for details. This 
proves that S p -x,n and S p -\ yTl are spectrally decomposable over U p -\, with power k = 2. The 
length £ of the decomposition is precisely 2p. For e(U p -i) =2p—l, and therefore the larger integer 
such that ah — h — 1 < 2p — 1 is 2p. □ 

Remark 6.1. By Theorem \3.1l only the terms with a^ = 1, ah = 3, . . ah = 2p — 1 namely 
h = 2,4, ...,2p, appear in the formula of Theorem \3.2\ since the unique non negative poles of 
£(s, U p -i) are at s = 1, s = 3, ... s = 2p — 1, by Lemma 1 6. 'SX 

Since we aim to apply the version of Theorem 13.21 given in Corollary 13. 1[ for linear combination 
of two spectrally decomposable sequences, we need more information on the uniform asymptotic 
expansion of the difference 5 p _i — S p -\. This will also give the functions <fi<j h (\), necessary in the 
following. 

Lemma 6.4. The difference of the logarithimic Gamma functions associated to the sequences 
S p -i in / (t p —i and S p -i. n / n p _i n have the following uniform asymptotic expansions for large n, 
A-. /A,,.. 

io g r(-A, VW(m£_i,J 2 ) -iogr(-A,s p _i,n/(A^_i,n) 2 ) = 

= - log J(/ip_ ljn V^A) + log Z'(jip_i )n V^A) + log y/^X 
1 2p_1 1 ( I \ 

Proof. By Lemma 16.31 

l0gr(-A,5 )9 -l, n /(/i )9 -l,„) 2 ) - logT(-A, S p -l, n /(lJ,p-l,n) 2 ) = 

(6.4) 

= - log7(/i p _i >n v-A) + log/ (fj, p -i tTl V-X) + log V-A. 
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Recall the uniform expansions for the Bessel functions given for example in [33] (7.18)(pg. 376), 
and Ex. 7.2, 

V 3 \ p2p 

2=1 V 

where 



Iy(vz) 



v / 2^(l + z 2 )i 



C/oH =1, 



with w = t= == . and 



(1 + z2) i e ,vTT^ e w °ST^T 



2p-l 



2=1 



V M + o(' 

v 3 \ j/2p 



VoM =i, 



Then, 



log I v (uz) = v\J 1 + z 2 + flog 2 — v log(l + yl + z 2 ) 

1 1 / 2p_1 

- - log2vr^ - - log(l + z 2 ) + log 1 + 22 

V 

log I^vz) = vyl + z 2 + vlogz — ^log(l + yl + z 2 ) — logz 

\ log 2nv + \ log(l + z 2 ) + log (l + E ^ " 

and substitution in equation (|6 .4[) gives 

logT(-A, S p _i,„/(/ip_i in ) 2 ) - logr(-A,S'p_i ! „/(/ip_i >n ) 2 ) 

^•(V=A) 



o 



v 2 p 



ilog(l-A)-log l+^^f- 



O 



u 2p 



2p-l 



log 1 + J] 



o 



j=l ^p-l,n 



2p 

v Mp— l,n , 



Expanding the logarithm as 



2=1 / 2=1 
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where ao = 1, a\ — h and 



we have that 



3-1 

*3 = a 3 ~ 

fe=l 



j - k 



i og r( - a, s* p _i,»/(/%>-i,») 2 ) - iogr(-A, Vi,n/(A»p-i,n) a ) = 2 Io sd - A ) 



j=l Mp-l,n 

1 



fc=l 



where we denote by Zj(A) the term in the expansion relative to the sequence S (thus the one 
containing the Vj(z)) and by lj(X) the term relative to S (thus the one containing the Uj(zj). 
Setting 



^-m(A) = ^(A)-^(A) 



■5) 



3-1 



Vj(^) - UjiV^X) + 3 — (^(V c A)/i-k(A) - C^(V = A)i J --*(A)) , 



fc=i 



we have the formula stated in the thesis. 



□ 



Remark 6.2. Note that there are no logarithmic terms log/Ltp_i )TJ in the asymptotic expansion 
of the difference of the logarithmic Gamma function given in Lemma \6.4\ This permits to apply 
Corollary\3J\ 



Next, give some results on the functions ^, p _i(A), and on the functions $j iP _i(s) defined in 
equation (|3.4p . 

Lemma 6.5. For all j , the functions </>j iP _i(A) are odd polynomial in w 



3j+l 

ij>i(A) = ^ a j, P -i,kW 2k+1 . 

k=j 



Proof. This follows by the definition in equation (|6.5[) in the proof of Lemma 16.41 

Lemma 6.6. For all j , 0j- )P _i(O) = 0. 
Proof. We use induction on j. For j = 1 



□ 



!-i,p-i(A) = h(X) - f x (A) - Vt(V-X) - Ui(V-X) 
11 11 



2(1-A)3 2(1 -A) 



3 ' 
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and hence </>i, p _i(0) = 0. Assume <fik,p-i{0) = for k = 1, . . . ,j — 1. For simplicity, write as a 
function of w = (1 — A) _ i. Then, by definition 

4>j, p -\{w) = ij(w) - lj(w) 

3-1 • 

= Vj{w) - C/.-H + E ^ (U a (w)lj-.(w) - V a (w%- a (wj) 

s=l ^ 
3-1 • 

8=1 ^ 

3-1 



8=1 ^ W J 



Since C7j (1) = Vj(l) for all j, and <^j_i iP _i(u;) = £j-_i(«;) — lj-i(w), using the induction's 
hypothesis, the thesis follows. 

□ 

Corollary 6.1. For all j, the Laurent expansion of the functions <&2j+i.p—i{s) at s = has coeffi- 
cients: for 1 < j < p — 1 

3j+i k 1 

Res $2j+i, P -i(s) = 2 y~] a JiP _i !fc y'— — Resi $ 2 j+i, P -i(s) = 0, 



and for j = 



Res $i lP -i(s) = 2a 0jP - 

s=0 



= 1, 



Resi $i p-i(s) = 0. 

s=0 



Proof. The proof follows from the definition in equation p.4[) , classical results on the Euler Gamma 
function (see equation (|9.5p in the appendix), and calculation based on the formula (|9.6p in the 
appendix. See [TB] for further details. The formula for j = follows by explicit knowledge of the 
coefficients ao,i. □ 

Next, we determine the terms A 0y0 (0) and A' o l (0), defined in equation (|3.6p . Using an upper 
dot to denote the ones relative to the sequence 5 p _i, we have the following result. 

Lemma 6.7. 

•Ao,o lP -i(s) = A ,o,p-i(s) - A ,o, P -i(s) 
-4o,i,p-i(s) = A ,i,p-i(s) - Ao,i,p-i(s) 



-0, 

= ic(2s,C7 p -i). 
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Proof. The defining equation (|3.6[) reads 



A),0,p-l(s) — ^ m CCXi p_i : „ J ao,o : n,p-l — ^ &2j-l,0,0,p-lA f p-l^i 1 ] Mp-l,ra> 

i=i 

TO cex,p-l,n I flO,l,n,p-l — ^/^ "Sj-l.Oa.p-l/^p-l^ I f-p-l, 

i=i 

in the present case. We need the expansion of the functions logr(— A, S p -i iTl / [ip_ 1 „), Z2j_i(A), 
logr(— A, Sp-i in / [ip_ l n ), and ?2j-i(A), for j = 1,2, ... ,p, and large A. Using classical expansions 
for the Bessel functions and their derivative and the formulas in equation (|3.5[) . we obtain (see |16j 
for further details) 

O0,0,n,p-l = ^log27T + ^Up-l,n + 7^ logMp-l,n ~ Mp-l,rJog2 - logr(^ p _i jn + 1), 

if r 

a 0,l,n,p-l — 2 I Mp-l,n + 2 

&2j-i,o,o,p-i = 0, &2j-i,o,i,p-i = Oj i = l}2, ...p, 
note that 623—1, o,0,p-i — since ^2j-i(A) don't have constant term. 

ao,o,n, P -i = 2" lo S 27r + f^p-i," + ^ log/ip_i, n - /i p _i, n log2 - logr(/i p _ lin + 1), 
1 / 1 



O0,l,n,p-l — 2 I Mp-l,n — 2^ ' 
623-1, o,o,p-i = 0, 623-1,0,1,^-1 = 0, j =1,2, ...p, 

and 623-1 o,o,p-i = since Z23-1 (A) don't have constant term. The thesis follows. 



□ 



We now have all the necessary information to apply Theorem 13.21 and its corollary. We obtain 
the following result, where we distinguish the regular part and the singular part, as in Remark 13. II 



Proposition 6.2. 



tp-l(O) = tp-l,rcg(0) + tp-l, si ng(0), 
*p-l(0) = £ p -l,reg(0) + *p-l,sing(0)) 
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where 

i P -l,reg(0) - ~C(0, f/p-l) = -^Cccx (0, A^ 1 )) , 

i p _i, sing (0) = 0, 

^-l,reg(0) = -C'(0,t/ p -l) = -^Cx (0, A^ 1 )) , 

t'p-i.singi ) = ?^2 Rcs o®2j+i, q (s) Resi C(s,Z7 P -i) 



2 ^ s =0 " s=2j+l 



= i V ReS $2 i+ l, g (s) Re Sl Cccx (~, A^ 1 
2 ' s=0 s=2j+l ^2 

Proof. By definition in equations ()6.1|) and (|6.2|) . 

Vi(o) =z p _i(o) - z p -i(Q). 



where Z p _i(s) = £(s, S p -i), and Z p _i(s) = £(s,S p -i). By Proposition 16.11 and Lemma [6.41 we 
can apply Theorem 13.21 and its Corollary to the difference of these double zeta functions. The 
regular part of Z p _i(0) — Z p _i(0) is then given in Lemma 16. 7\ while the singular part vanishes, 
since, by Corollary 16. 1[ the residues of the functions $fc. p _i(s) at s = vanish. The regular part 
of Z' p _ 1 (0) — Z' p _ 1 (0) again follows by Lemma T6.7I For the singular part, since by Proposition 16. 1\ 
K = 2, £ = 2p, and er^ = h — 1, with < h < 2p, by Remark 16.11 we need only the odd values of 
h — 1 = 2j + 1, < j < p — 1, and this gives the formula stated for i p _i s i ng (0). □ 

6.2. The functions t q (s), < q < p — 2. In this section we study the functions t q (s). For we 
apply Theorems 13.11 and 13.21 to the double sequences S q = {m qjl : ^I^Li and S q _± — {m q ^ n : 
3l q , n ± aq ,k}n=n since we have that Z q (s) = ((s,S q ), Z q ,±(s) = ((s,S q ,±), where q = 0, 1, . . . ,p - 2, 
a q = p — q — 1. Note that the sequence S q coincides with the sequence Sp_i analysed in Section 
16.11 with q = p — 1. So we just need to study the other two sequences. First, we verify Definition 
13.11 For we introduce the simple sequence U q — {m q ^ n : p q ^ n }'^Li- 

Lemma 6.8. For all < q < p — 1, the sequence U q is a totally regular sequence of spectral type 
with infinite order, e(U q ) = g{U q ) = 2p — I, and 

c(*,£g = c** (^ A(9) + «')- 

The possible poles of((s, U q ) are at s = 2p—l — h, h = 0, 2, 4, . . . , and the residues are completely 
determined by the residues of the function £ cex (s, A^) , namely: 

p—l — k y 2k-\-l\ 

Re Sl ((s,U q )= V ( ~) Resr ( cex (~, A^A a 2j . 

s=2k+l ~^ V J J s=2(k+j) + l ^2 ) 

Proof. By definition U q — {m ccx , 9 ,n : H>q,n}^ = \, where by Lemmas 14.21 and 14.31 
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and the A 9i „ are the eigenvalues of the operator AW on the compact manifold W. Counting such 
eigenvalues according to multiplicity of the associated coexact eigenform, since the dimension of 
the eigenspace of A g! „ are finite, by Proposition 13. 2\ A g! „ ~ for large n. This gives order and 
genus. Next, by definition 



C(S, U q ) = ^ TOcox,g,™(A g ,„ + Q?) ' = ^ I ? ) TO ccx, 9 ,« A 9 ^ 3 DC* 1 



3=0 



E y'JC- (I + * AW) 0* = Cce, (|, AW) - | C ce, (| + 1, AW 



,•=0 v ' 

The last statement follows by Proposition 13.31 

□ 

The analysis of the double sequences S g> ± is little bit harder than that of the sequences of the 
previous Section 16.11 since now the elements of the sequences are not multiple of zeros of Bessel 
functions (and their derivative). However, they are the zeros of some linear combinations of Bessel 
functions and their derivative, and this makes possible the following analysis. 

For c G C, let define the functions 

Jv,c(z) = cJ u {z) + zJ' u {z). 
Recalling the series definition of the Bessel function 

.,v 00 ( -,\k„2k 



we obtain that near z = 



v) 2T(z/) 

This means that the function z~ v J v ,c{z) is an even function of z. Let j v ,c,k be the positive 
zeros of J v , c {z) arranged in increasing order. By the Hadamard factorization theorem, we have the 
product expansion 

+ °° ( 2 \ 

z 1 'j V (z),c = z v Ju, c ( z ) n 1 ~ ~- — ' 

fc=-oo V 3v,c,kJ 

and therefore 



^ ; k=l \ Ju,c,k . 

Next, recalling that (when — tt < arg(z) < |) 

J v {iz) =e* iv I v (z), 



we obtain 

J Vt &z) = <$ iu {cl v {z) + zl' v {z)) . 
Thus, we define (for — tt < arg(z) < £) 

(6.6) i u<c {z)=e-? iv T VtC {iz), 
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and hence 

v 00 / 2 \ 
(6-7) J„,±« 4 (*) = ± + <M = (l ± o^F7 \ U 1 + ■ 

^ ^ ^ k=l V 3v,±a q ,k j 

Recalling the definition in equation (|3.ip we have proved the following fact. 

Lemma 6.9. The logarithmic Gamma functions associated to the sequences Sq t ± t n have the fol- 
lowing representations, when A G Dq, c >, with d = ^uaa.(J^ a ,jf lq ± a ), 



logr(-A,5 9)± , n )=-logJJ 1 



(-A) 



i 2 



= - log 4,,»,±a, ('V / -A) + N,n lo S V^A - (J,q >n log 2 

-iogr(// ? ,„) + iog(i±-^- 

Proposition 6.3. T/ie double sequences S q ,± have relative exponents (p, 2p ^~ 1 , , relative genus 
{PiP~ 1) 0), and are is spectrally decomposable over U q with power k — 2, length £ = 2p and domain 
Dg c i . The coefficients Oh appearing in equation A3.3\) are Oh = h — 1, with h = 1, 2, . . . , £ = 2p. 

Proof. The proof is the same of the one of Proposition 16.11 

□ 



Remark 6.3. By Theorem \3.1l only the term with = 1, cr/j = 3. . . ., o~h = 2p — 1 namely 
h = 2,4, ...,2p, appear in the formula of Theorem \ 3.Sl since the unique poles of (,{s,U q ) are at 
s = 1 . s = 3, ... s = 2p — 1 . 



Since we aim to apply the version of Theorem 13.21 given in Corollary 13. 11 for linear combination 
of two spectrally decomposable sequences, we inspect directly the uniform asymptotic expansion of 
2S q — S q ,- — S q ,+ . This give the functions <\> ah . 

Lemma 6.10. We have the the following asymptotic expansions for large n, uniform in X, for 
A G D 6 . d , 

2 lo g r(-A, SWaO " loglX-A, s q ,+, n /nl n ) - logr(-A, s q ,-, n /nl„) 

= - 2\ogI^ n {^ n V^\) + logi Al ,,„, Q ,(Mg,«%/ T A) + logi M ,,„,_ Qg (/i g ,«\/ T A) 

( <\ 

- 2 log flq^ n - log 1 1 



l*\,n 



2P_1 1 / 1 \ 



Proof. Using the representations given in Lemmas 16.41 and 16.91 we obtain 

2io g r(-A, s q , n /nl n ) - fo g r(~A, s, 1+ , n //£») - io g r(-A, s g ,_ >n //x= n ) 

= -21og/ (tlg „(/ig, n 'V /Z A) +logJ M5i „ >a5 (Mg,n'V /= A) +log4«,»,-« 5 (i u 9,n'V /= A) 

- 21og// g ,„ - log 1 1 



;s<) 
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Using the expansion given in Lemma l6.4l for I v (yz) and I' u (vz), we obtain the following expansion 
for t v ,±a q {vz), 

I v ,± aq {vz) = ±a q l v {vz) + vzl' v {vz) 

= Mi + ^ (i + g + o (-) j , 

where tU ±ct9j (z) = ^(z) ± ^^W- Thus, 

log L,±a q [vz) =v\/\ + z 2 + v log z - v log(l + \/l + z 2 ) + log f + - log(l + z 2 ) 

1 / 2p_1 1 / 1 

--lo g 27ri/ + logll+£ W^Az^+O^ 

This gives, 

2 io g r(-A, - io g r(-A, s qt+>n /n\ tn ) - fo g r(-A, s g ,_, n /^ >n ) 

= log(l - A) - 21og ( 1 + Y, + ^ ' 



j V 2 P 

j=i M<3,™ \t l q,n, 



, 2 P 



Using the same expansion for the logarithm as in the proof of Lemma 16.41 

2io g r(-A, - iogr(-A, s q ,+, n /nl n ) - fo g r(-A, s g ,-,„//<») 



:log(l - A) + (-2^-i(A) + J+_ X (A) + J^-_i(A)) — 2jrY 
E f- 2 %( A ) + W + < 2 ~(A) + ^ ] 4- + (^f) 



where we denote by ^(A) the term in the expansion relative to the sequence S (thus the one con- 
taining the Uj(z)) and by lf(X) the terms relative to S± (thus the ones containing the W± aq j(z)). 
Setting 

0,,a,-i(A) = -2%_i(A) + Z+._ X (A) + ^(A) 

(6.8) a 2i 

^ >2i (A) = -2^(A) + + % (A) + - j-, 

the result follows. 

□ 

Remark 6.4. 7Vo£e £/ia£ i/iere are no logarithmic terms log fj, q _ n in the asymptotic expansion of the 
difference of the logarithmic Gamma function given in Lemma \6.1(A This permits to apply Corollary 

roi 
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Next, we give some results on the functions 4>j tq (X), and on the functions &j,q(s) defined in 
equation (|3.4[) . 



Lemma 6.11. For all j and all < q < p~2, the functions 4>j, q (X) are odd polynomial inw = —j= 



02j-l, 9 (A) = a 2j-hq,kW 2k+23 ~\ 
k=0 

02j, 9 (A) = ^2a 2 j. q .kW 2k+2j + °-^r-- 

k=o 

The coefficients aj. q ^k are completely determined by the coefficients of the expansion given in 
Lemma \6.1Q[ 

Proof. This follows by direct inspection of the last equality in the statement of Lemma [6.101 □ 
Lemma 6.12. For all j and all < q < p — 2 , (f)j_ q (Q) = 0. 

Proof. The proof is by induction on j. We will consider all the functions as functions of w = x . 
We use the following hypothesis for the induction, for 1 < k < j — 1: 

(6.9) <fefc-i,,(l) =0, 

(6.10) <hk, 9 0) = °> 

-2a 2k ~ 1 

(6.12) l~ k (l) - = 0, 

where the functions </>j, 9 (A) are defined in equation (|6.8p . and the function /(A) in the course of the 
proof of Lemma 16.101 

First, we verify the hypothesis for j = 1. Equations (|6.1ip and (|6.12p follow by the definition 
when k = 1. For equations (|6.9|) and (|6.10|) . we have by definition when k = 1 that 

4> hq (X)^-2l 1 (X)+l+(X)+l^(X) 

= -2U 1 (V^X) + V 1 {V^X)+a q U (V^X) + V 1 (^X)-a q U (^X) 
1 1 



and 



(l-X)i (l-A)l 
0a,,(A) = -2/ 2 (A) + J+(A) + Z 2 -(A) + a 2 



= -2C/ 2 (V-A) + 21/ 2 (V-A) + [/i(V-A) 2 - Vi(\/^A) 2 

3 1 1 3 1 

_ ~2(1-A) + (1-A) 2 ~ 2(1 -A) 3 + ' 

and hence equations (I6.9[) and (|6.10l) are also verified when k = 1. 
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Second we prove that the equations (|6.9[) , (|6.10p . (|6.11[) . and (|6.12j) hold for k = j. Recalling 
that /7fc(l) = T4(l) for all k, we have from the definition that 



- ^-iW =^-1(1) - a,I^-3(l) - Oy-i(l) ~ a^2i- 2 (l) 



fe=i 

2j-2 



fe=l 

and hence, using the hypothesis we obtain 



2a q U 2j . 2 (l) + £ J|L_^a,tf 2fc _ 2 (l) ^Z 2( ,_ fe) - -j-^ 



E ^ + e -KA W ^w^-ia) 
fc=i ^ fc=i ^ 

- 2a^ 2i _ 2 (l) + ^L-C/ 2j ._ 2 (l) 

2-^- I 2(j - 1)^_ 2 + E(2i - 2- fe)a 9 f/ fe (l)/ 2j - 2 - fe (l)J 

^ - 2a^_ 2 (l) + -^^- 2 (1) + 2 ^ (2 ^ 2) ^- 2 
2j-l q 3 y ' 2j-l J y ' 2j-l 



2j-T 

thus proving (|6.11l) for k — j. For (|6.9[) . note that 

= - 2%-i(i) + z 2 +_i(i) + « 2 i-i(i) 



2j-2 



£ 2j 2i -i k (Mm^-i-kii) ^-x_ fc (i) - ^_x_ fc (i)) 



*;=i 

2j-2 



2j 



fe=i 

and using the induction hypothesis, and (|6.11[) with k = j just proved, this means that 
6y-i l9 (l) = E 2/31 ^ fc -i(l) j— - 

k=l J J 



J^2j-l-2k . . , , /afi) 20 '^-^ 
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and (|6.9[) with k = j follows. For (|6.12[) . using the hypothesis, we have 
^•(l)-^-(l) 

=U 2j (l) - a q U 2j . x {l) - U 2] (l) - agUu-iO) 

k=l J 
2j-l 



fc=i J 
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= -2a 9 £^_ 1 (l) + 53^—~ a g CT 2 fc-i(l) 2Z 2j -_ 2fc (l) 

fe=i ^ V ^ / 

+ E = ^ + 1 f^-xCl) ^^ + a? C/ 2fe - 2 (l)2^- fe)+1 (l) N 



fc=l 



2j— 1 

= - 2« g C/ 2j _ 1 (l) + 2Qg ^- l(1) + ^(2j - 1)^(1) + 2a ? g ^C/ fc _ l( l)« 2i _ fe (l) 

/ 2j-2 \ 

= - 2a q U 2j -i(l) + I U 2j -i(l) + (2j - l)/ 2j --i(l) + E( 2 J - 1 - k)U k {l)l 2j -i- k {l) J 
= -2^ 2j ._ 1 (l) + ^^- 1 ^^- 1 ^=0. 
Eventually, for (jOO]) 

= - 2l 2j {l) + 1+ (1) + Z-.(l) + -j- 



, x^2, /-• 



23-1 



E (^- fc (i) - 

fe=l J 

J'" 1 o„- ol 2(3-fe) 3 2(j-fc) + l 

fc=l J J k= 2 J 



We also give a recurrence relation satisfied by the functions 0_, i9 (A), that will be fundamental 
the proof of Theorem 11.31 
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Lemma 6.13. For all j and all < q < p — 2, the functions <pj >q {w) satisfy the following recurrence 
relations ( where w = A ) 

J-2 

</) 2j -i, 9 (A) = w 2j - 2 a 2 q j - 2 <f) qA {w) +^2,K 2 j-x,t{w)af + 20 2i _i, p _i(w) 

t=i 

(w 2j - l)a 2j 

<hi«W = — r- 3 - + E K vA«>)<x? + 2fe*-iW. 

^ t=i 

where the Kjj(w) are polynomials in w. 

Proof. The proof is by induction on j . For j = 1 , 

4>i,q( w ) = 20i, p -i(w) = -u> + w 3 

w 2 3u> 6 

02, g H = ~(w 2 - l)a 2 + 2<h^-i{w) = -(w 2 - l)a 2 + (-— - 2w 4 - — ). 

Assuming the formulas hold for 1 < k < j — 2. Then, by definition of the functions <f>j,q(X) and 
l(X) in the proof of Lemma [6.101 we have that 

s-2 

2t 



its-iM + &-iH = 2/ 2s -iH + w 2s - 2 a 2 q s - 2 (<p q Aw)) + E if 28 - M M 

i=l 

w 2 Sq ,2 S 8-1 

+ = 2/ 2 , H 2- + E ^ s »<, 

s 4=1 

2 s ~ 2 

4=0 
s-2 



4=0 



for all s = 1, 2, . . . ,j — 1, and where the D s t are polynomials in w. We proceed as in the proof of 
Lemma \G. 121 (see [TB] for further details). For the odd index we have: 



2j-2 



2 j — 1 — fc 

ky-iH - ( 2i-i( M ) =2a 9 ?/2j_2H - 2J 2?-l ^HC^-i-fcH - ^j-i-fcH) 



2j 

fc=i J 
2 ^ 2 2j-l-k 

+ E 2 7 - 1 Wa 1 Uk - 1 ^ l i-l-k( W ) + *2j-l-fc( w ))» 

2j 1 2k 

-2a q U 2 j- 2 (w) - 22 ' 2 ■ _ 7 — V2ftH(Jiy_i-2feH _ *2j-i-2fc H) 
fc=i ^ 

L - 2fc 

2j 



^ * 2j — \ — 2k 

E 2 7 - 1 ""^tt-lW^-l-aH + ? 2j-l-2/cM) 
fe=l ' 
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~ E ^rr^-iW^t^) - ^- 2 fe( w )) 

fe=l J 

~ E -^——wa q U 2 k-2 {w) (Z+_ 2fc («;) + ^_ 2fe H) 
fe=i ^ 

2 



2 J - 



and this gives 

<hj-i, q M = - 2U 2j -i{w) + 2V 2j -i{w) + ^V-l " ( 2U kHhj-i-kH) 

I 1 J 



2 °- 2 2j-l- k 



k=i 



E 2j 2 /_i 2fc (v^m^-ikH + i 2j -i-2 k H)) 



2j — 1 — 2fc / \ 

~ E ' 2? - - 1 ( Wa 9 C/ 2fe-l(^)(^_ 1 _ 2fe H - ^-l-2fcM)J 



fe=l 



fe=l 
j-l 



2.7 
2.7 



- E |-r (^-iHG^M + ^- 2 ,H)) 



- 2j — 2fc / \ 

E 27-1 ( WQ! 9 t/ 2fe-2H(^_ 2fe (w) - l2j-2k( W ))) 



fe=i J 

J-2 

=w 2j '- 2 Q! ^- 2 (^ lig ( ti ;)) +^Jf 2j ._ M («;)a^ + 2^ 2 j_i,p_i(«;). 

t=l 

For the even index, using the result proved for the odd index, we get 

i~\ 2j — 2k 

ltj( w ) - l 2j( w ) =2a q U 2 j-i(w) - 22 — it. — V 2 k(w)(l£ j _ 2k (w) - l 2j _ 2k (w)) 

k=i ZJ 

i 2j — 2k 

~ E h~i WQ! 9 C/2fc - 1 ( U, )^2j-2feH + l 2j-2k( W )) 

fc=l J 

_ ^ 2j 2fc + 1 v 2k _ 1 (w)(l+_ 2k+1 (w) - l 2j _ 2k+1 (w)) 
k=i 47 

t-i 2j — 2fc + 1 
- E ^ wagf/ 2 fe-2(w)(/ 2 f j _ 2fc+1 (u;) + l^_ 2t+1 (w)) 

k=i ZJ 

j-2 

t=o 

and proceeding as before, this gives the last formula in the thesis. 
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Corollary 6.2. For all j and all < q < p — 2, the Laurent expansion of the functions <I>2j+i,g(s) 
at s = has coefficients: for 1 < j • < p — 1 



3-1 



Res $ 2 j+i,g(s) = 77— — 7 a l 3 ' +y2 k 2j+i,taf +2Res $2j+i, P -i(s), Resi $ 2 j+i,g(s) = 0, 

s=0 + 1 z=0 s=0 

where the kjj are real numbers, and for j = 

Res $i,,(s) = 2Res $i,p_i(s) = 2, Res x $i, 9 (s) =0. 

s=0 s=0 s=0 



Proof. By Lemma 16.111 



2j+l 

<fej+i,g(A) = V a 2j+ i, q ,kW 2k+2: > +1 , 



k=0 



where w = ^^_ x , and <p2j+i, q (0) = 0, therefore Y^u=q a 2j+i,q,k = 0. Using the formula in equation 
(|9.6j) and the residues for the Gamma function in equation (|9.5|) in the appendix, we obtain 



2j+l 

Resi $2i+i, 9 (s) = a2j+i,,,fc = 0. 
s =° to 



Using the same formulas in the appendix, but the result of Lemma 16.131 we prove the formula 
for the finite part. The formula for j = follows by explicit knowledge of the coefficients ao,i. □ 



Next, we determine the terms Ao ; o(0) and A' 1 (0), defined in equation Q3.6 
Lemma 6.14. For all < q < p — 2, 

-4o,o, 9 (s) = 2A ,o :9 (s) - A 0i0 ,q,+(s) - A 0i0 , q -(s) = - V] log 1 



n=l V J ^<l, n 

-4o,i,g(«) = 2A ,i,g(s) - i4o,i,9,+(«) - ^0,1,9 ,-( s ) = C(2«, C,)- 
Proof. For 5 g equation (|3.6[) reads 

co I v \ 

A),0,g(«) = ^ m CC K,q,n I a0,0,n, 9 - ^ &2j-l,0,0,g/^ 9 ,n' 7 ' +1 I Vqfn i 
n=l \ i=l / 

co / p \ 

^-0,l,g(s) = m ce x,g,n I a 0,l,n,g ~ ^ &2.j-l,0,l,gMg,n' 3+1 I /^ S - 
"=1 \ 3=1 / 



for S, 



9,± : 



^■0,0,g,±(s) — ^ Wcex,g,n I ao,0,n,g,± — fe2i-l,0,0,g,rfcMq,w +1 ] Mg.n") 

n=l \ 3=1 

°° / P 1 

A),l,g,±(s) = ^ m cs x,q,n G0,l,n,g,± ~ ^ &2i-l,0,l,g,±Mq.ra' +1 ) Mg.n"- 

n=l \ 3 -=l 
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We need the expansions for large A of / 2 j— i(A), l^j-iW: f° r J = 1,2,... ,p, logr(— A, 5 9i „/^^ n ) 
and logr(— A, £g,±,n/Mg „). Using classical expansion for Bessel functions and their derivative (see 
[18] or [16] for details), we obtain 



logr(-A,5g,„/^ g n ) =-log'27r+ \ a q , n + - I log^„ - Mg,nlog2 

- lo g r( Mg) „ + 1) + ~ f/z g ,„ + log(-A) + 0(e-"*»^). 
For iS gi ±, by the same expansions in the definition of the function /, equation (|6.7|) . we obtain 



and hence 



\0gT(-\,S q .±, n /fi 2 qn ) = /iq,n>/ = A+ ^log27r + (fi qtn - - ) logjUg,„ - |U g ,„ log 2 



Log I '/'.,.,, I + ^ (//.,.„ - log(-A) + V*( 1± £) - Of <•-"■■ > x - 



This gives 



ao,0,n, 9 = ^log27T+ ^9," + § ) '"K /'-/■» ~ /'</•'< lo - - ~ h ..^ T( //,,.,, + I. ) 

_ 1 ( l \ 

O0,l,n,q — ^ I ^?> n + 2 J ' 



ao,o,n,9,± = -log2vr + /x 9)tl - - log^i g ,„ - log2 AI « "r(^,„) + log 1 ± 



i / l 



O0,l,n,g,± — 2 I /^.n — 2 

while the ^2^-1.0,0.9, ^2j-i,o,o,g,± &U vanish since the functions hj-iW, °-° n0 ^ nave con- 

stant terms. Therefore, 

( a l\ 

2ao,0,n,g — CLQfl,n,q,+ — »0,0, ",<?,- — — l°g 1 



2 / ' 

2ao,l,n,g — O0,l,n,g,+ — O0,l,n,g,- = 1, 

and the thesis follows. 

Applying Theorem 13.21 and its corollary, we obtain the values of t q (0) and t' q (0). 
Proposition 6.4. For < q < p — 2, 

f,(0) = W(0) + *g, sill g(0) 
i / g(0)=Ceg(0)+t;, sillg (0), 



□ 
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where 



W(0) = -C(0, U q ) = -Cccx (0, AW + af) , 

^g,sing(0) O5 

4reg(0) = -A,0,0(0) - <o,l(°)» 




Proof. By definition in equations (j6.1[) and (|6.2[) , 

t,(0) =2Z,(0)-Z g ,+ (0)-Z,,_(0), 

^(o) =2z;(o)-z; + (o)-z;_(o). 

where -Zg(s) = £(s, <S g ), and Z g ,±(s) = C( s , Sq,±)- By Proposition l6.3l and Lemma lB.lOl we can apply 
Theorem 13. 21 and its Corollary to the linear combination above of these double zeta functions. The 
regular part of 2Z q (0) — Z qy+ (0) — Z 9 -(0) is then given in Lemma [6.14[ while the singular part 
vanishes, since, by Corollary 16.21 the residues of the functions $fc, q (s) at s = vanish. The regular 
part of 2Z' q (0) — Z' q + (0) — Z' q (0) again follows by Lemma [67T1 For the singular part, since by 
Proposition 16.31 k = 2, I = 2p, and ah = h — 1, with < h < 2p, by Remark 16.31 we need only the 
odd values of h — 1 = 2j + 1, < j < p — 1, and this gives the formula stated for t' p _ l sing (0). □ 



7. The analytic torsion 

In this section we collect all the results obtained in the previous one in order to produce our 
formulas for the analytic torsion, thus proving Theorem ll.il that follows from Propositions [7j] and 
17.21 below. By equation (|6.3|) , the torsion is 

logT(CW) = f (0) =\- V*(0) + ]T(-1)%(0) 

\<?=0 9 =0 / 

/p-1 p-1 \ 

+ 2 E(- 1 )^ lr »4(°) + Y>^M ■ 

\«=0 9=0 / 

However, it is convenient to split the torsion in regular and singular part, accordingly to remark 
13.11 and the results in Propositions 16.21 and 16.41 First, observe that the functions z q (s) where 
studied in Section [3.21 where it is showed that there is no singular contribution to z q (0) and z' q (0). 
So 29(0) = z qire g(0), and z' q (0) = z' qicg (0). Therefore, we set 

log T{C{W) = log T rog (CW) + logT sing (CW), 
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with 



log V 1 — — 



(7.1) XogT^idW) = 4 g (o) =^f- 5>i) 9+ V,(0) + £(-i)*Wo) 

\q=0 q=0 J 



/p—1 p—1 



+ \ E(- 1 ) 9+V 9 <( ) + E(- 1 )"^,rc g (0) 
\q=Q 9=0 / 

(7.2) logT^QW) = 4„ g (0) =^£(-l)%, sing (0) + |E(-l) 9 4sin g (0). 



q=0 g=0 



Lemma 7.1. For all < g < p — 1, 



1 

2' 

l(0)=log2 + log(p-g). 



*,(0) - -77 



Proof. This follows by equation p. 21) . □ 



Lemma 7.2. 



W(0) - - WO, A(«»), < q < p - 2, 

4re g (0) = -£ex(0,AW), < g < p - 2, 

i p _ 1 , rog (0) = -iCcc X (0,A(f- 1 )), 
^-i, rcg (0) = -iC cx (0,A(f- 1 )). 

Proof. The first and the third formulas follows by Propositions 16.21 and 16.41 and the fact that for 
the zeta function associated to any sequence S, and any number 6, £(0, S + b) = £(0, S). For the 
derivatives, when < q < p — 2, by Proposition [ 



By Lemma \6. 141 



W°) = -Ao, 9 (o) - Aa,M 



A : 0,9( s ) = ~X! l0g 1 



2 



q \ ' " , ccK..q,n 



2 I 2s 

oo 

Ai,9( S ) = c(2 S ,4) = E ! ^- 

n=l M «>« 
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Recalling that fi q ^ n — \J\ q , n + cc q , and expanding the binomial, we obtain 



2 \ oo 
Oi n \ TfL cox _nn X ^ TYlcevc.a n . 2 

. -■ 9,™ 



-Ao,o,q{s) - A),i,?( s ) = lo § 1 - ~7a J —^T 2^ ~~ ^55 — lo S ^ 

n=l V 

oo 

= E log A 9'" 



v ceyi,q,n 



n=l ^ n 
oo oo 

E lo S A 9,™E 

n=l 



1 r^— £*« 



= -E(7)Ccci(«+i,AW)a^, 

3=0 ^ J ' 

that gives the second formula. Eventually, the result for t' p _ 1 rcg (0) follows by Proposition 16.21 and 
the fact that a p - 1 = since the dimension is m — 2p — 1 . □ 

Proposition 7.1. 

1 p_1 11 p_1 1 

logT reg (CW) =- E(-1)V, log - - - £(-l)«r, log(p - g) + - logT(W, <?) 

q=0 q=0 



E(-l) 9 Ccci(0,A^) + i(-l)P- 1 Ccci(0,A^- 1 ))") log/ 

9=0 / 

\ £(-!)% log | - J £(-!)% log(p - q) + \ log T(W, I 2 g), 



/ x o 2 2 

9=0 g=0 

w/iere r 9 = T\iH q (dCiW; Q) 

Proof. Substitution in the formula in equation (|7.1[) of the values given in Lemmas 17. II andl 7. 21 gives 

p— l . p— l 



logT rcg (CW) =\ log ~ - ~ bg(p - q) 

9=0 g=0 

- ^(-^^(O^^^ + ^-i^'Ccci^A^- 1 ))^ logZ 
+ i ( 2 E(-l) 9+1 Cci(0,A^) + (-l)^ cl (0,A^- 1 ))^ . 



By the second formula in equation (|2.11l) 



\ ^2E(-l) 9+1 C(0,A^) + (-irC cl (0,A^- 1 ))^ = ilogT^fl), 

and this gives the first formula stated. For the second formula, note that the boundary of the cone 
dCiW is the manifold W with metric l 2 g. The restriction of the Laplace operator on the boundary 
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is then Agc t w = ts- Since for the zeta function associated to any sequence S, and any number a, 

C'(0,a5) = -C(0,5)loga + C / (0 ! 5), 

a simple calculation shows that 



- (Zc-^Cccito, a<«)) + ^(-lr-^cdCo, A(f- i ))j log? 2 

+ 5 ( 2 E(-1) 9+1 C(0, A«) + (-l)'C(O, A^J 
=i(0,W / )log/ 2 +t'(0,W) = \ogT{dC{W). 



□ 



Proposition 7.2. 

p-i p-i 

logT sing (CW) =- V(-l) 9 VRes $2 J+ i(s) Resi Cccx UP+fl^ 



q=0 J=0 " " S -J+; 

p— 1 p— 1 q 



^(-l^too^^^t-l)' Re Sl c(s,A 

z ,=o j=o s=0 z=o s =i+h y 



5 E E E (7 . fe fc ) E(-d z *»i c a«) 

9 =0 j=Q fc=0 * V J 7 /=0 s ~3+2 



Proof. The first formula follows by substitution in equation (|7.2[) of the values given in Propositions 
16.21 and !6.4[ and observing that, for the zeta function associated to any sequence S 

a Resi ({as, S) = Resi £(s, S). 

s—sq s—asQ 

The second by duality, see Section 1231 

C ccl (s, AM) = c (s, AM) - Cd (s, A^) = c (s, AM) _ Cccl ( S) AM-d) = ]T(-i)« +fc C (*, A« 

The third formula follows by Lemmas 16.21 and 16.81 and some combinatorics, and the last by the 
previous ones. □ 

8. The proof of Theorem 11.21 

On order to prove Theorem 11.21 we calculate the regular and the singular parts of the torsion in 
the case W = S™ n a , according to Propositions 17.11 and 17.21 Recall we are considering the absolute 
BC case. The result for the regular part follows easily, the one for the singular part requires more 
works, that will be developed in the following subsections. Here we recall the underlying geometric 
setting. Let S^ 1 be the sphere of radius b > in R m+1 , S™ = {x e R m+1 \ \x\ = b} (we simply 
write S m for S?). Let C*;S"^ nQ denotes the cone of angle a over S^ na in R m + 2 . We embed CiS^ na 
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in R m+2 as the subset of the segments joining the origin to the sphere Sfl ina x {(0, . . . , 0, 1 cosa)}. 
We parametrize the cone by 

x\ = r sin otsm.9 m sin# TO _i • • • sin #3 sin #2 cos 9\ 
X2 — r sin a sin 9 m sin 6 m - 1 ■ • • sin #3 sin 62 sin 9\ 
X3 = r sin a sin 9 m sin 9 m — 1 • • • sin 9% cos #2 

x m +i = r sin a cos # TO 



, Xm+2 

with r e [0,/], Ox e [0,2tt], 9 2 ,. 



r cos a 

1 G [0,7r], and where a is a fixed positive real number and 
< a = i = sin a < 1. The induced metric is (r > 0) 

g E = dr <g) dr + r 2 g s ™ 

/ m \ \ 

X! n sm2 ^ ^ ® ^ + d ° m ® ' 

i=l \j=i+l J J 

and ^\detg E \ = (rsma) m (sm9 m ) m - 1 (sm9 m - 1 ) m - 2 ■ ■ ■ (sin 9 3 ) 2 (sin 9 2 ). 
8.1. The regular part of the torsion. 
Proposition 8.1. 

logT^C^- 1 ) = ^VoKQS*- 1 ). 

Proof. By Proposition 17. 1[ when W = S 2 ?~a with the standard Euclidean metric g E , 

logr^fCS*" 1 ) = 1 log 1 - i logp + i logT^t- 1 ,/ 2 ^). 

By [22], logT(Sj£~ a , l 2 g E ) — Vol^g^, <?e), anc ^ tms P roves the proposition since, if W has 
metric 5 and dimension m, then 



Vol(QW) = / v / det(x 2 g)dx Advol g = / x 



c,w 



dvol n 



l m+1 
m + 1 



Vol(W,$), 



and 



Vo\{S^,g E ) = 



277^6™ 



□ 



8.2. The conjecture for the singular part. Assuming that the formula for the anomaly bound- 
ary term A BM (dW) of Briining and Ma [3| is valid in the case of CiS 2 ?~J~, we computed in [IT] 
(note the slight different notation), by applying the definition given equation (I2.15[) of in Section 
that 



p-i 

ABuidCiS^ 1 ) = J2 



2P-J 



A (-iyy-2(p-j+ft)+i (2 P - l)! 
. . =Q j\(2(p - j) - 1)!! ^ \h) (2(p-j + ft)-l) 4P(p-l)V 



1)!! ^ 
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where -i = sin a. Our purpose now is to prove that (this was proved in |17) for m < 4) 
(8-1) log = AnuidQS^ 1 ) 

where log T s ; ng (C/ SjL~ a 1 ) is given in Proposition 17.21 For it is convenient to rewrite the second term 
as follows: 

^BM(3QS sinQ ) - ^ . !(2(p _ J . ) _ 1) , ! ^ (2(p^ + ^)-l) 4P(p-l)! 

f- 1 /p - 1 - A (-1)^-20+1+^+1 ( 2p _ i)! 



S fp - 1 - i)!(2i + 1)!! S 



^(p-l-i)!(2j + l)!! ^ V ^ / 2(j + l + / l )-l 4f(p-l)] 
(2p-l)!^ 1 A (_i)fc-J2»' +1 (p-l-j 



4*>(p - 1)! ^ (2fc + l)^fc+i ^ (p _ i _ j)!( 2 j + 1)!! \ k-j 
(2p-l)!^ 1 A (_i)*-J2J'+ 1 1 



4P(p - 1)! (p - 1 - fc)!(2fc + 1) ^ (k - j)\(2j + 1)!! v 2k+1 ' 

8.3. The eigenvalues of the Laplacian over CiS™ na . Let A be the self adjoint extension of 
the formal Laplace operator on CiS™ na as defined in section l4~3l Then, the positive part of the 
spectrum of A (with absolute BC) is given in Lemma 14.31 once we know the eigenvalues of the 
restriction of the Laplacian on the section and their coexact multiplicity, according to Lemma 
4.21 These information are available by work of Ikeda and Taniguchi [19] . The eigenvalues of the 
Laplacian on g-forms on S^~^ are 



\ 0n = v 2 n[n + 2p — 2) 
i 



X q ,n = v 2 {n + q)(n + 2p - q - 2), 1 < q < p - 2, 



\p-2,n = V 2 {{n-l+ P ) 2 -1), 
Ap-1,„ = v 2 {n - 1 +p) 2 , 



with coexact multiplicty 

2 



m cex ,o,n = (2p-2)\ II( n_ 1+ j)(2p + n- l-j), 



u ccK.q.n — i 



Yl (n-l+j)(2p + n-l-j), l<q<p-2, 



q\{2p-q-2)\ £ 
2 * 

m ccx .p^ 2 ,n = -, _ 2 )\ ] 11 ( n ~ 1 + l)( 2 P + n - 1 

'' P ' 3 = 1 

2 

m cex ,p-i,n = II ( n ~ 1 + j)( 2 P + n - 1 - i), 
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thus the indices /i 9 . n are 



' /io,„ = y/v 2 (n(n + 2p-2)) + (p-iy 



Vq,n = ^v 2 {n + q){n + 2p-q- 2) + a 2 , \<q<p-2, 

V P -2,n = y/v 2 ({n - 1 + p) 2 - 1) + 1, 
, Mp-l,n = K n ~ 1 + 

8.4. Some combinatorics. We introduce some notation. Let 

Uq^S 2 "- 1 = {™ccx, 9 ,n I \,n,S 3 *>- 1 }) 

denotes the sequence of the eigenvalues of the coexact g-forms of the Laplace operator over the 
sphere of dimension 2p—l and radius 1. Let a\, ... , a m be a finite sequence of real numbers. Then, 

m m 

JJ(a; + a,-) = 2je ro -j(a 1 ,...,q m )x J 

where the ei, . . . , e m are elementary symmetric polynomials in ai, . . . , a m . Let define the numbers: 

d] := 0'-?-l)(2p-?-i-l), 
for g = 0, . . . ,p — 1, j ^ g + 1, and 

cP := (d\, d\, ■ • ■ , <^g_|_i , ■ • ■ j dp), 
where, as usual, the hat means the underling term is delated. 

Lemma 8.1. The sequence U p -i is a totally regular sequence of spectral type with infinite order, 
exponent and genus: e(U p -i) = g(U p -i) = 2p — 1, and 

C(s, C/ p -i) = ^ * e p-i-j{d p ~ 1 )CR.( s ~ 2j). 

Proof. The first part of the statement follows from Lemma 16.21 In order to prove the formula, note 
that Up-i) = v~ s Q (| , fp_i,s2 P -i), where 



j. ( S \ v > ^cex,p— l,n \ ^ ^ccx,p— l,n 



n=l A p -l,„,S2p-i „=1 V ^ ' 

Shifting nton-p + 1, and observing that the numbers 1, . . . ,p — 1 are roots of the polynomial 
Sj=o e p-i-i(^ p ~ 1 )" 2 "'\ w e obtain 

^« 77 ^ - ,r'V "tcox, P -i,n-p+i 2^ v ll 3 - = ii -(P-J) 



n— p 

p-i 



2 "~ iaE^-i^ 1 )^-^)- 



□ 



Note that, using the formula of the lemma, £(s, t/p-i) has an expansion near s = 2k + 1, with 
fc = 0, 1, . . . ,p — 1, of the following type: 



2 >jp-i> 1 



C(s,C/p-i) = ^ ep-i-fc^ ) g _ 2fc _ 1 +£p-i,2fc+i(fl), 
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where the L p _i i 2fc+i(s) are regular function for k = 0, 1, . . . ,p — 1. 

Corollary 8.1. The function £(s, E/ p -i) /ias simple poles at s = 2k + 1, /or fc = 0, 1, . . . ,p— 1, with 
residues 

2 

s =2 fc +i C(s,C7p ~ l) = ^^(p-l)!^ "- 1 -"^" 1 )- 

Lemma 8.2. TTie sequence U q is a totally regular sequence of spectral type with infinite order, 
exponent and genus: e(U q ) = g(U q ) = 2p — 1, and (where i = y/—l) 



,|(2p-,-2)l^jV t , , „ 



-,za g 



2/ 



TTie function Q(s, U q ) has simple poles at s = 2(p — k) — 1, with k = 0, 1, 2, . . 



Proof. The first statement follows by Lemma 16. 81 For the second one, consider the sequence -ff g ,h 
{to CC x, 9 ,« : v / \,™,s 2p - 1 + /l )r=r Then C(s,C^g) = v~ s C(s,H Q 2), and 



OO OO OO 



Next observe that the zeta function associated to the sequence H q o is 

OO OO 



c(2 S ,^ ) = com^-o = E ir^- = E \- 

n=l A q,n.,S' i '- 1 n =p "Vn-p+l.S 2 "- 1 

oo irw, (« 2 -b-j) 2 ) 



E 



g!(2p- g- 2)! <^ (n 2 - a 2 .) 

Recall that c? q — d^, and note that 
p—i p—i p p 

Eep-,-i(^)(n 2 -a 2 F=E^-i(rf 9 )(n 2 -^'- f[ ^ " d P + d V = IT (" 2 -(P-J') 2 ), 

3=0 3=0 j=l, j=l, 

and that the numbers n = 1,2,..., —a q are roots of this polynomial. Therefore, we can write 

C(2s, H q>0 ) = q[{2p - 2) , E ep-i-j^) U* - J, - E (n 2 -a 2 q )- s+j ) 

2 p_1 
= g!(2p-g-2)! g ^"^M* " * 



and 



(s - j, ia q ) = E r~2 2V 

(n z — ai ) s 
n— l v y y 



o2 
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Expanding the binomial, as in [53], Section 2, z(s,a) = J2kLo ( k) a2k Cn{2s + 2fc), and hence 
z(s, a) has simple poles at s = ^ — fc, fc = 0, 1, 2, . . . . Since 

2 

C(2«,fl a ,o) = g! ( 2 p _ g _ 2)1 S^-J^X 8 ~ 3,*otq), 

((2s, -f^g.o) has simple poles at s = ^ + p — 1 — k, k = 0, 1, 2, ... , f (s, Hg,o) has simple poles at 
s = 2(p — k) — 1, fc = 0, 1, 2, . . ., and this completes the proof. □ 

Corollary 8.2. The junction £(s, U q ) has simple poles at s = 2k + 1, /or fe = 0, 1, . . . ,p — 1, with 
residues 

2 v -2k-i P-1-* 1 / 2fc+l \ / _I 

s ^ 1 c(s '^ ) = fl !(2 P - 9 -2 )! E M t J^-^^-k-tn 

Proof. Since the value of the residue of the Riemann zeta function at s = 1 is 1, 

_ , -l+j + k\a^+ 2k 



2 \ a 2 i3-k) 



Resi z(s — j,a)= Resi z(s,a)= . . 

s=|-/s s=|-j-fe V J + ^ 

for fc = 0, 1, 2, Considering £(2s, H q fi), we have, for fc = 0, 1, . . . ,p — 1, 

and the thesis follows. 



□ 



The result contained in the next lemma follows by geometric reasons. However, we present here 
a purely combinatoric proof. 

Lemma 8.3. For all0<q<p-l, C(0, U q ^P-i) = 
Proof. Consider the function 



Ct,c(«) = E (nin+OfWs-c = E 



^ (n(n + 2t)) s - c ^ (n 2 -t 2 ) s - c ' 

n=l v v " n=t+l v ' 

Since 

qo 1 °° /_ , \ 

*(- c ' <*) - E (n2 _ t 2 )s -c = E 7 j (-m 2j U2s + 2j - 2c), 

n=l ^ ' j=0 

we have when s = 0, that z(—c,it) — (— l) c t 2c Ci?,(0) = (— l) c+1 ^, and hence 

! 1 

Ct,c(«) = «(* - c, it) - ^ rr^p , 

n— 1 ^ ' 

and for c = and s = (t,o(0) = — 5 — £• Next, consider c > 0, then: 

C t ,c(0) = (-l) c+1 ^-g(n 2 -t 2 r. 



n=l 
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For q = 0, . . . ,p — 1, we have 



c(s ,^_o = ]r 1 p^ = E 



^".s 2 "- 1 ^1 (( n + *?)( n + 2 p-v- 2 )) s 



oo 

m c 



Ei "'ccx.q.71— q 
(n(n - 2a„)Y 

n=q+l y y q " 



=q+ 

Recalling the relation given in Section I5T41 

v 



2 


q\{2p - q 


-2)\ 


2 




q\(2p-q 


-2)! 


2 





J| (n - q - 1 + j)(n + 2p - q - 1 - j) 
i=i, 

P 

J] n(n-2a,)+d? 



p-i 



Thus 



q\(2p-q-2)\j Zo 



p-i 



C{S ^ S2P - 1) ^ ql(2p-q~2)l^ Q e ^~ lid9) ^ (S) -^R^F 



2 



? !(2p-i-2)!^ n 



where 

E ep-i-i(d*) (n(n + 2p _ 25 _ 2))s _j = 0, 

for 1 < n < q, by result of [30]. For s = 0, we obtain 

2 

C(0, E^-.) = g , (2p _ g _ 2) , E ep-j-i(^)C-« g ,i(0) 

e P -i(d 9 ) (-i-((p-g-2) + l) 



g!(2p-g-2)! V P " '\ 2 



P-I / 2j P-9-2 

3=1 V ~ n=l 
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g!(2p-flf-2)l 

P-l / 2j P-5-2 

^ 1 2vj 



j=0 V n=l 



2 f ( 1)q+1 gl(2p-g-2)l 



q\(2p-q-2)\ 

P-l / 2j P-9-2 

3=0 V ~ n=l / 

To conclude the proof, note that the second term vanishes. For first, as showed in the proof of 
Lemma I8~2l the numbers n = 1,2,..., —a q are roots of the polynomial Y^jZo e p-j-i(d q )(n 2 — ct^Y, 
and second: 

p— l p— l p p 

Y,e P -j-x{^){-iya^ = ^v-i-i{d q ){-diy = f[ (-^ + d?) = - (p-j) 2 =0. 



3=0 J=0 j=l, 3=1, 

j^q+1 j^i+1 



□ 



8.5. The proof of the conjecture. We need some notation. Set 

F(g,fc) =Bfis *2A+i,g(s), l<fc<p-l, 

for < g < p - 1, F(q, 0) = 2 for < q < p - 2, and F(p -1,0) = 1. Then, by Corollary HH the 
residues of £(s, U q ), for < q < p — 2, are 

1 p ^ k 1 

for fc = 0, . . . ,p — 1, and when q = p — 1: 

Re Sl C(a,C^-i) = -2EiT-D(p-l > *,0), 

s=2fc+l Z^ +1 

with fc = 0, . . . ,p — 1. Now, for < g < p — 1, it is easy to see that 

F( k) p_1_fe i 
Res $ 2fe +i >g (s) Res^CCs.f/g) = -J[^ £ ^faM) 

and hence 



s=o ' ' s=2fc+l " " ^' c+1 ^ V 



1 p_1 1 P_1 F( k) p ^ 1 ^ k i 

iUng(0) = ^E Res o $ 2fe+i, g (s) Re Sl C(s,U q ) = -J2^kr E — t D(q,k,t). 
1 fe=o s=0 s=2fc+1 ^ fc=o " t=o " 
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On the other side, set: 

p-i 



where 



k=0 j=Q 



n-(v k) = {2p - 1)l 1 (-i) fc - j y +1 
APi ' 4p(p-iy.(p-i-k)\(2k+i)(k-jy.(2j + iyy 

Lemma 8.4. | J2qZo(~ s in g (0) * s 071 odd polynomial in 
Proof. This follows by rearrangement of the finite sum: 

fE(-i)%,si„ g (o) = fB-^E^^E 

g=0 g=0 fc=0 t=0 

P-l i P-l 



J E ^tt E(-!) 9 E ^(?. i» fc - i) 

fc=0 <7=0 j=0 

p — 1 k p — 1 



4 ^ Z/ 

/c=0 3=0 <J=0 



Then, set: 

jEt- 1 ) 9 *^ ) =E^r^( fc )' Q P (fc) = E M ^(^ fc )' 



p— i 1 & 



9=0 fc=0 j=0 

where 

p-i 

M,( P ,fc) - Et- 1 ) 9 ^)^'^ -•?') 

g=0 

nri/„ -\ /r. 0\ / 1 „\ 



□ 



n 4( 2p -2)!v « y v ^ - i y 9 ^ p ^ lv ; 

This shows that all we need to prove to prove the conjecture is the identity: Mj(p, k) = Nj(p, k). 
This is in the next two lemmas. Before, we need some further notation and combinatorics. First, 
recall that if 

f h (x) = e h (x 2 - (p - l) 2 , x 2 - (p - 2) 2 , . . . , x 2 - l 2 , x 2 ) , 
then fh{oi q ) — eh(d q ), and fh(x), for ft > 1, is a polynomial of the following type: 

(8.2) f h (x)= E (x 2 ~j 2 )(x 2 ~j 2 )...(x 2 -3 2 )= Qx 2 ' l + E c ^ 2S - 

o<ji<;2<...<j, 1 <p-i ^ ' s=o 

Second, we have the following four identities. The first three can be found in [11], 0.151.4, 0.154.5 
and 0.154.6, but see [30] for a proof. The fourth is in [TS], equation (5.3). 



.->() 
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with 1 < n < N and a£l 



Lemma 8.5. For < k < p — 1, we have that M (p, k) = N (p, k). 



Proof. Since j = 0, 



^»)-§-)-S i (*,- J )(-» 1 )|— (*x>?(rA) 

N( !A= (2p-l)! 1 (-l) fc 

J 2 2 P- 1 (p-l)!(p-l-fc)!(2A: + l) fc! ' 



Consider first k ^ 0. Then, 



^)l<-'^(*; i )S(p-'-.)^(r-! 



h P-l , /o oX p-2p-2-Z 



2 



+ (7) x^^Cv 2 ) t ~t ^-<°?(A) 



q=0 

p-2p-2-l / 1\ / 1 \ P- 1 | 

i=fc s=0 \ / \ / q=Q \ f I \ 



i r 2 p- 2 V' +21 . 
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Using the identity in equation (|8.5p . the second term in the last line vanishes since 2s+2/ < 2p—2. 
Thus, 

i\ p- 1 1 /o„ o\ p_1 / „ \ / i 



1 f2p-2\ ,„_ a W p 



2 



( 2 p-2)!v 9 ; 9 |^vp-i-vv-* 



2 V A; I ^\p-l-ll\l-k 

IMV p \ (fc + l)!(2p-l)!!2 fc + 1 
2^ k ) \k + l) pi (2fc + l)H 2p 

1 (2p - 1)! 1 = W ). 



fc! (p- fc- 1)! (2fc + 1) 2 2 P- 1 (p- 1)! 
Next, consider k — 0. Then, 

M„(p, 0) =g(-l)« 3 -l^ ( 2 * " 2 ) £ ("*) + \ 

P- 1 i /o„ o\ P' 1 f m \ /I 



1 / 2p - 2\ ^ / p 



^ ( 1)? (2p-2)!V q I //■'' V / 



<j=0 v ^ / \ * / ;_ 

p-1 



a 2 P -2f 2 



2p-2\ p _! 1 



(2P-2)!V 9 y° 2 

P- 1 i /o„ o\ P^ 1 / m \ /_ 1 

a 2 ?- 2 1 2 



1 (2p-2\rA{ p 



(-1)-' ^-^(-d^o, _„,(, _,),_! 



2(2p- 2)! \,P- 1 / 2 
^ l j (2p-2)!^ g >/^Vp-1-V 9 W J 2 2 



1 /2p-2\ , K _ 2 W p 



2 



^ > (2p-2y\ q J * 2-.\p-l-lJ\ I 
X vV p \f-l\ 1 2p-l/2p-2\ 



Lemma 8.6. For 1 < j < p — 1, we have that Mj(p, k) — Nj(p, k). 



□ 



o8 
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Proof. Note that j < k, and hence l<j<k<p— 1. Recall that 



2 



= TT-— T a 9 J + y] *2j+i,taf + 2Res $2,-+i,p-i(s), 

4? + 1 t=L z=0 



by Corollary 16.21 Set fej+i.o = 2Reso z= o $2j+i,p-i(s). We split the proof in three cases. First, for 
j = < p — 1, we have 



p-i / i 

<n a 2*-2j [ 2 



1-3 



E^E(- 1 )«^(% 2 )g^- 1 -«KK-( i J 3 . 



Using the formula in equation (|8.2I) for the functions / p _i_;(a! g ), we get 



t=0 g=0 V ^ ; V y 7 l=j s=0 V J 

p- 1 / \ / l 



J_W p 
■i + 1) Vp — i 



2 



1 1 (2p- 1)!! 2-? +1 

2(2j+l)£- \p-l-lj\l-jj 2(2j + l)(p-l-j)!(2j + l)!! 2*> 

1 (2P-1)! 2* 



(2j + l)(p - 1 - j)! (2j + 1)!! 22p-i (p - 1)! 
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where the first three terms in the first equation vanish because s + I < p — 1 and t — j < — 1 . The 
second case is j = k = p — 1. Then, 



-g ( -i). p"- 2 l 

Y^ fc 2 j+i,t r off-i /2p-2\ 

^ 2 1 > 2(2p-2y\p-l) 



t=o 

P -i 



1 . 1 /2p-2 

-^• + i,o(-ir 1 ^^ i ( 2 ^ 1 2 

fc2j+i,o , 1 /2p-2 

2 1 ' 2{2p-2)\\p-l 

1 + .fey+i,o k 2j+ i, (-I)?- 1 



2(2p - 1) 
The last case is 1 < j < k. Then, 



2(2p-l) 2 (p-l)!(p-l)! 2 (p-l)!(p-l)! 
JV p _i(p,p-l). 



*> =%r )q ^ C7 2 ) ( -7) < 3 1 G "A) ■ 

{k-j)^ ( } {2j + l){2p-2)\\ q )2^\j>-l-l)* "\l-kj 

+ (7-7) §-"' w+ dU 2 ) gf '-^'GD 

v J 7 t=0 g=0 v ^ ; v y 7 i=fc s=0 v 7 
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(2j + l)(2p-2y\ q )* 2^\p-l-l)\l-k 



k-j J 2(2j + i)JLf,\p-l-l)\l-k 

-| -A 1 (2p-l)!! 

k-j J 2(2j + 1) (p - 1 - fc)!(2fc + l)!!2P- fe - 1 
(_l)fc-i 2^ (2fc- 1)!! 1 (2p-l)H 
" (fc - j)! 2^ (2j - 1)!! 2(2j + 1) (p - 1 - k)\(2k + l)!!2P- fe - 1 
2 J ' 1 (2p-lV 



(fc - j)! 2 2 p- 1 ( p - 1)! (2j + 1)!! (p-1 - fc)!(2A + 1) 



□ 



9. The proof of Theorem 11.31 



We prove the two cases m = 2p — 1 = 3, and m = 2p — 1 = 5 independently, in the following 
two subsections. In the last subsection we give some remarks on the general case. Even if the 
proofs of the two cases m = 3 and m — 5 follow the same line, we prefer to give details separately, 
for two reasons: first, in order to improve readability, and second to avoid a problem that will be 
made clear in Section [9731 below. In each case the proof is in two parts: in the first we compute the 
anomaly boundary term, as defined in Section 14.21 in the second we compute the singular term in 
the analytic torsion, using Proposition 17.21 

9.1. Case m = 3. 

9.1.1. Part 1. Since m = 3, the unique terms that give non trivial contribution in the Berezin 
integral appearing in equation (|2.14[) are those homogeneous of degree 3. By definition 

-lh-u 2 S? i !/=> 2 c 2 . 

e 2 1 = 1 — 2 u oi + .. . , 
(recall that Q = fi, see Section |4~2"|) and therefore the terms of degree 3 in 

£n r (!+ 1 ) 

are 

2 u 2 Sf-^=ClSi. 



3^ \px 
Applying the definition in equation (|2.14l) . this gives 

el {■B OO 



fc=l V 2 



(9-1) = \ [ [ (--^u 2 Sl - -^hSx ) du 



2 Jo J \ 3^ 



2V^J V? 



/7T 
B 

3 
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By equation (|4.7p 
(9.2) 



5 1=4(|>* A ^) 



= —dvolg A el A e 2 A e^. 



This follows by direct calculation. For example 

2 



(9.3) 



while 



Thus, 



^Ae^A^ + ^A^) 2 

-(6i A e* A b 2 A e| H h i*2 A A A ej + . . . ) 

A 6^ A ej A e| + b* 2 A ^ A e* 2 A ej + . . . ) 

i(-2&lA6|AetAe^ + ...) 



4 E 



& A e* A e fe , 



3<k=l 



(b\ A 62 A A eg) A (63 A eg) = 6^ A 62 A 63 A A 62 A 63. 

/* B 3 3 

/ S{ = —^dvolg. 

J 47T2 



By equations (|4~7)l and (|2~T3|) . 

= - 



, fc.Z=l 



\fc=i 



Direct calculations give 



and hence 



(^23 A bl - Q.13 Ab 2 + n 12 A bt,) A e\ A e 2 A £3 
(i?2332 + #1331 + #1221)^ A^Ae^ 



f e\ A e 2 A e 3 . 



47T2 



E 

k,l=l 



RkiikdvoL 
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Substitution in equation (|9.ip gives 

1 f B ~ 1 f B 

= _L f<i „ <) , ij __i_ < j„ is . 

By the formula in equation (|2. 15|) . the anomaly boundary term is 

A BM {dCiW) = — / fduoL - t-^j / cfcoZg. 

9.1.2. Part 2. By Proposition [7^1 with p = 2. 

1 1 1 

logT sing (C ; W0 =- V(-l)« VRes $ 2j+1 . 9 ( s ) Re Sl £ cex (s, A^ + a?) . 

1 q =o j= o s=0 "=i+i v ' 

Since p = 2, o?o = — 1 and cti = 0. Since there are no exact 0-forms 

C ccx ( S ,A( )+^) =C ( Sj a(°)+^). 

By Lemma \6l$\ 

Resi C (a, A<°> + a§) - Resi C U A (0) ) , 
Resx C (s, A (0) + afj = Resx C (s, A (0) ) - - Resx C (a, A (0) 



By duality (see Section [23)1 

Cccx( S , A«) = C(s, A (1) ) - Cc X (s, AW) = C(», A«) - Ccc X (s, AW), 

and also 

ResiCfoA^) = -3ResiC(«,A(°)), 
Resi C(s, A (1) ) = 3 Resi C(«, A (0) ). 



Putting all together, we obtain 

logT sing (CW) - i f Rcso$i.o(s)+Reso$i.i(s)+3Rcs $i,i(s) J Resi C(s, A (0) ) 

2 V s=0 s=0 s=0 / s =i 

+ - (Res $ 3 ,i(s) +Res $ 3 ,o(s) - - Res $i,o(s) - 3Res $ 3 ,i(s) ] Resi C(s, A (0) ). 

2 \ s=0 s=0 2 s= s=0 / s=| 

By Corollaries 16. II (when ? = 1), and 16.21 (when q = 0) 

2 

Res $i.i(s) = 1, Res $ 3 ,i(s) = — , 

s=0 s=0 olO 

214 

Res $i,o(s) = 2, Res $ 3 ,o(s) = ^77 ■ 

s=0 s=0 OlO 
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This gives 

logT sing (CW) = 3Res!C(s, A (0) ) - i Itesi C(«, P), 
and by Propositions 13.11 and 13.31 

logT sing (<W) = / f dvol g . 

9.2. Case m = 5. 



!67r 2 ./acw 247r2 ./acw 



9.2.1. Part 1. Since m = 5, the unique terms that gives non trivial contribution in the Berezin 
integral appearing in equation (|2.14j) are those homogeneous of degree 5. After some calculation, 
the terms of degree 3 in 

are 



5^F 1 3^ 1 4^ 
Integration in m, as in equation (|2.14[) gives 



1 f B ( 1 ^ 1 ,~ „, U. 



(9.4) B ^=2^J [^ + 9 uSlSt+ 4^ 

We calculate the three terms appearing in the integrand. 

Proceeding as for equations (|9.3I) . starting from equation (|4.7I) . we obtain 

*? = -5 E 6 ^ A5 



j<k=i 



and 



\ j<k=i J fe=i 

5 

= --dvol g A e* A <=2 A A A eg, 



and recalling the definition in (|2.13j) of (l, 

3 



ClSf = | I flfci A e£ A e,* I A cfooZ 9 A e\ A A A e* 4 A eg 



3 

= -f A dvolg A e* A A A A eg. 
8 

The last term is 

2 

3 



= E "«Ae* fe Aef 



fc,z=i / \fe=i 
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This term requires some noisy explicit calculations, that we omit here. The result is 
n 2 S! = --g (4|P| 2 - W\Ric\ 2 + 4f 2 ) dvol g A e* A A e* 3 A e| A 

= ( — i^l 2 + ^|ffic| 2 - if 2 J efooZ 9 A A e2 A eg A e\ A eg. 
\ 8 2 8 J 

Substitution in equation (|9.4p gives 

, Sdvolg fdvolg \R\ 2 dvol g \Ric\ 2 dvol g f 2 dvol g 

( l) = ^3 48^~ + 64tt 3 16^ + 64tt 3 * 

By the formula in equation (|2.15p . the anomaly boundary term is 

A BM (dQW) =-iL / dw j _ 1 / fdvo i g + 1 / l^dw 



/ |i?ic| 2 cfeoZ g H — / T 2 dvol g . 
IdCiW 1287r J J aCiH / 



32tt 3 

9.2.2. Part 2. By Proposition [721 with p = 3, 

.2 2 

logT sing (CW) =- V(-l) 9 VRes $ 2j+1 , 9 ( s ) Resi Cccx («, + a 2 ) 
1 q =o j=o s=a *=j+i v 7 

Since p = 3, ao = —2, ai = —1, and ot2 = 0. By duality (see Section |2~5|) 

Cce X ( S ,A (0) )=C(5,A(°)), 
Cccx( S , At 1 ) = C(S, A* 1 )) - Ccx( S , AW) = C(S, A«) - Ccex( S , A<°>), 

Cccx(s, A( 2 )) = C(s, A< 2 )) - Ccx(s, A< 2 >) = C(s, A( 2 )) - Ccex(s, A«) 

= C( s ,a( 2 ))-c( s ,aW) + c( s ,a( )). 

By Lemma [6781 with q = and 1, 

Resi C (s, + a 2 ) = Resi C (s, A<«>) , 



Res x C (s, A<«> + a 2 ) = Resi C («, A (<z) ) - | Resi C («, A (,?)S 
Resi C (s, A ( «) + a 2 ) = Re Sl C (s, A<«>) - i Re Sl C (s, A<«>) + | Re Sl C (s, A< 9) ) . 

S— ^ s ~2 S ~2 S ~2 

By Proposition 13. II 

. / T 2 dvol g -2 \Ric\ 2 dvol g + 2 \R\ 2 dvol 

JdCiW JdCiW JdCiW 

fdvol n , 



Re Sl C(s,A (0) ) = 


eo.4 


- 1 U 


r(i/2) 


2 5 3 2 5tt 3 v 


ResiC(s,A (0) ) = 

«=i 


eo,2 


= 1 / 


T(3/2) 




Re Sl C(s,A (0) ) = 

-=i 


eo,o 


= 1 / 


r(5/2) 


24tt 3 7 9Cllv 



dvolg] 



ANALYTIC TORSION OF CONES 



65 



ResiC(s,A«) 



ei,4 

r(i/2) 
1 

2 5 3 2 5tt 3 



35/ f 2 dvol g + 170 \Ric\ 2 dvol g -20/ \R\ 2 dvol g ) , 

JOCiiy JdCiW JdCiW ) 



^' ««• A "') - t#> - -«? L, w fM > " - ^ A<m »- 

a? «■■ A<1,) - - iL,."» - «s r «-' 4W " 



Re Sl C(s, A (2) ) = 



e2.4 



r(i/2) 

* 3 ( 50 / f 2 dvol g ~ 200 \Ric\ 2 dvol g + 110 / |.R| 2 cfooZ 

2 3 57T V JdCW JdCW JdCW 



ResU(s,A^) = -^=-— / f^ 9 = -8Re Sl C(s,AW), 
»=§ r (3/2) 96tt j y ac . lW s= 3 

Re Sl C( S) A( 2 )) = -g^ = -i\ / d^ g = 10Re Sl C( S ,A(°)). 

S=| M 5 / 2 ) 24?T JdC,W S=| 

Summing up, after some calculations, we obtain 
logT sing (CW) 

=~ (Reso$i,o(s) + Reso$i,i(s)+Reso$i,2(s)) Resi C(s, A (0) ) 



\ s=0 s=0 s=0 / S= J 

- I ( Res $i,i(s) + Res *i, 2 (a) ] Resi C(«, A«) 
+ iRes $ l!2 (s)Re Sl C(s,A( 2 )) 

+ Res ( J$s,o(*) + *a,i(«) " $ 3, 2 (s) - $i,o(s) - («) J Resi A (0) ) 
\2 2 y s= | 

+ Res ( i$ 5 ,o(s) - 2$ 5 ,i(s) + 3$ 5 , 2 (s) - 3$ 3 ,o(s) + |$i,o(«) + 7*i.i(«)) Re Sl C(«, A<°>). 
By Corollaries 16. II (when g = 2), and 16.21 (when q = 0, 1) 

Res $i, 2 (s) = 1, Res $3,2(3) = -£rz, Res $5,2(3) = -7^3^ 

s=0 s=0 olO s= ZZoZZ 

Res $i,i(s) = 2, Res $ 3 ,i(s) = %- , Res $ 5 ,i(s) = SS? 

s =o s=o 315 s =o 75075 

844 487876 
Res $i,o(s) = 2, Res $ 3 ,o(s) = — , Res $5,0 (s) = -. n -. ■ 

s =o s=o 315 s =o 75075 
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This gives 

logT sins (CtW) =~ Re Sl C(s, A<°>) - \ Re Sl C(s, A«) + \ Re Sl C(s, A^ 2) ) 

Z „_ l Z „_1 Z „_± 

a 2 2 2 

-Res 1 C( S ,A(°)) + ^-Res 1 C( S ,A( )), 

„_3 1U „_5 

a 2 a— 2 

and by Propositions 13.11 and 13.31 

logT sing (CW) =-^3 f dvol g --^ [ fdvolg + r-^ J \R\ 2 dvol g 
8(j7r JdCiW 9b7r JdCiW 128?r ./sew 

^ ^3 / \Ric\ 2 dvol g + — i-3 / f 2 cfooZ 9 . 

9.3. The general case. Assume m = 2p — 1 is odd, p > 1. Then, logT sing (CiW / ) depends only 
the functions $/t l9 (s) and £(s, A^), by Proposition 17.21 It follows from the definition in Section 
13.31 that the functions $k,q{s) are universal functions that depend only on the decomposition of the 
spectrum of the Laplace operator on forms on the cone on the spectrum of the Laplace operator 
on forms on the section. This decomposition is independent from the section, so the functions 
< ffc,(j(s) do not depend on the particular section (they obviously depend on the dimension). This 
follows also from Corollaries 16.11 and 16.21 Therefore, we can use the functions $fc, ? (s) calculated 
when the section is a sphere of odd dimension. It follows that logT s i ng (CiW) is a polynomial in the 
residues of the functions £(s, A*^), with coefficients that are the same as in the case when W is 
a sphere. Now, the residues of £(s, A^) are polynomials in the coefficients e 9J of the asymptotic 
expansion of the heat kernel of the Laplacian on forms on (W, g). In turn, the e q j are the integrals 
of some polynomial in the metric tensor g, its inverse and its derivatives. By work of P. Gilkey [13] . 
the coefficients of these polynomial are universal, namely are the same for any manifold W |13j 
Theorem 1.8.3. More precisely, by the above considerations and invariance theory as developed in 
[13] Theorem 4.1.9, it follows that 

logT sing (CW) = / P(x), 
JaciW 

where P belongs to the ring of all invariant polynomials in the derivative of the metric defined for 
manifolds of dimension m, B m (g) (see [13] Section 2.1.4, and Lemma 2.4.2). Bases for this ring 
are given in terms of covariant derivatives of the curvature tensor using H. Weyl invariants of the 
orthogonal groups [13] Section 2.4.3. It is possible to prove that these polynomial are universal 
up to a constant factor depending on the dimension P — c m Q, where Q does not depends on the 
dimension [T3] Lemma 4.1.4 and Theorem 4.1.9. 

On the other side, by inspection of [3] , the term Abm {dCi W) is also the integral of some universal 
polynomial in some tensorial quantities constructed from the metric g. Therefore 

A BM (ddW) = [ R(x), 

JdCiW 

R £ B m (g). Fixing a base for B m (g), the proof of Theorem 1 1.31 in the general case follows if we are 
able to prove that P{x) — R(x) = 0, for (W, g). 

We have some remarks on this point. First, by Theorem II .2\ it follows that P(x) — R{x) = 0, 
for (W, g) = {Ss[~a'9E)- Unfortunately, this does not implies the general case. For using the base 
for B m (g) in Theorem 4.1.9 of [13] , we see that there are variable in P(x) — R(x) that involves 
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derivative of the curvature when m > 3. Second, by the same argument, the proof of Theorem 
11.31 in the case m = 5 is a fundamental indication for the general case: indeed if to < 5 the proof 
of Theorem 11.31 follows by that of Theorem II. 2 [ by the previous considerations. Third, the proof 
of the general case along this line depends on the availability of some further information on the 
coefficients of the heat asymptotic. A recursion relation should probably be sufficient. However, 
this seems at present an hard problem (see remarks and references in Section 4.1.7 of |13j . 



Appendix 

The next two formulas follow from the definition of the Euler Gamma function. Here j is any 
positive integer. 



*3P TTirbr = 7 - 21og2 + 2 ^ 2ik~r 



9.5 v 2 ' k=1 

n r( s + ^±i) 

Resi „ . , — = 1. 

s =o r(^i) s 

The next formula is proved in [33] Section 4.2. Let Ag x = {A e C | | arg(A — c)| = 9}, < 9 < n, 

< c < 1, a real, then 

1 ' Jo 27TZ J A -A (1 - A)- T(a)s 
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